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Abstract
In this extended study of Proposition VI, and its first corollary, in Book I of Newton’s Principia, we clarify both the statements
and the demonstrations of these fundamental results. We begin by tracing the evolution of this proposition and its corollary, to see
how their texts may have changed from their initial versions. To prepare ourselves for some of the difficulties our study confronts,
we then examine certain confusions which arise in two recent commentaries on Proposition VI. We go on to note other confusions,
not in any particular commentary, but in Newton’s demonstration and, especially, in his statement of the proposition. What, exactly,
does Newton mean by a “body [that] revolves . . . about an immobile center”? By a “just-nascent arc”? By the “sagitta of the arc”?
By the “centripetal force”? By “will be as”? We search for the mathematical meanings that Newton has in mind for these fragments
of the Proposition VI statement, a search that takes us to earlier sections of the Principia and to discussions of the “method of
first and last ratios,” centripetal force, and the second law of motion. The intended meaning of Proposition VI then emerges from
the combined meanings of these fragments. Next we turn to the demonstration of Proposition VI, noting first that Newton’s own
argument could be more persuasive, before we construct a modern, more rigorous proof. This proof, however, is not as simple as one
might expect, and the blame for this lies with the “sagitta of the arc,” Newton’s measure of deflection in Proposition VI. Replacing
the sagitta with a more natural measure of deflection, we obtain what we call Platonic Proposition VI, whose demonstration has
a Platonic simplicity. Before ending our study, we examine the fundamental first corollary of Proposition VI. In his statement of
this Corollary 1, Newton replaces the sagitta of Proposition VI by a not quite equal deflection from the tangent and the area swept
out (which represents the time by Proposition I) by a not quite equal area of a triangle. These two approximations create small
errors, but are these errors small enough? Do the errors introduced by these approximations tend to zero fast enough to justify these
replacements? Newton must believe so, but he leaves this question unasked and unanswered, as have subsequent commentators
on this crucial corollary. We end our study by asking and answering this basic question, which then allows us to give Corollary 1
a convincing demonstration.
© 2006 Elsevier Inc. All rights reserved.
Zusammenfassung
Diese Untersuchung verdeutlicht die Formulierungen und Beweise des Sechsten Lehrsatzes im Buch I von Newtons Principia.
Dabei wird zunächst ihre Entwicklung verfolgt, um festzustellen, inwiefern sich der Text im Vergleich zu früheren Fassungen ge-
wandelt hat. Anschließend werden einige Uneindeutigkeiten untersucht, wie sie sich in zwei jüngeren Kommentaren zum Sechsten
Lehrsatz zeigen. Sodann werden andere Uneindeutigkeiten in Newtons eigenem Beweis und insbesondere in seiner Formulie-
rung des Lehrsatzes registriert. Was genau meint Newton mit “corpus . . . circa centrum immobile in orbe quocunque revolvatur”?
Mit “arcum quemvis jamjam nascentem”? Mit “sagitta arcus”? Mit “vis centripeta”? Mit “erit . . . ut”? Um den mathematischen
Bedeutungen nachzugehen, die Newton bei diesen Wendungen im Sinn hat, werden Erörterungen zur “Methode der ersten und
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B. Pourciau / Historia Mathematica 34 (2007) 140–172 141letzten Verhältnisse”, zur Zentripetalkraft, und zum zweiten Bewegungsgesetz in früheren Abschnitten der Principia untersucht.
Was der Sechste Lehrsatz bedeuten soll, lässt sich dann aus den Bedeutungen jener Wendungen rekonstruieren. Als nächstes rückt
der Beweis des Sechsten Lehrsatzes in den Mittelpunkt, wobei zunächst festgestellt wird, dass Newtons eigenes Argument nicht
vollständig überzeugend ist, ehe ein neuer, strengerer Beweis konstruiert wird. Allerdings ist dieser Beweis nicht so einfach wie
man erwarten könnte, und die Ursache dafür liegt in der “sagitta arcus”, die im Sechsten Lehrsatz das Maß der Ablenkung ist.
Indem man anstelle der sagitta ein natürliches Maß der Ablenkung verwendet, erhält man etwas, das sich als Platonischer Sechster
Lehrsatz bezeichnen ließe und dessen Beweis von Platonischer Einfachheit ist. Abschließ end wird der grundlegende erste Zusatz
des Sechsten Lehrsatzes untersucht. In dessen Formulierung ersetzt Newton die sagitta des Sechsten Lehrsatzes durch eine nicht
vollständig gleiche Ablenkung von der Tangente und die vom Radius aufgespannte Fläche (die im Sechsten Lehrsatz die Zeit
darstellt) durch die nicht vollständig gleiche Fläche eines Dreiecks. Diese beiden Approximationen führen zu kleinen Abweichun-
gen, aber sind diese Abweichungen klein genug? Gehen sie schnell genug gegen Null, um diese Substitutionen zu rechtfertigen?
Newton muss dieser Überzeugung gewesen sein, aber er hat es, genau wie nachfolgende Kommentatoren, versäumt, diese Frage
zu stellen. Diese Studie stellt und beantwortet diese fundamentale Frage, was es möglich macht, einen überzeugenden Beweis des
ersten Zusatzes zu liefern.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
A list of the most fundamental results taken from the early sections of Newton’s Principia would surely include
Propositions I and II, Propositions XI through XIII (together with their single crucial corollary), Propositions XXX
and XXXI, Lemma XXVIII, and Proposition XLI. But such a list would certainly also include Proposition VI, which
characterizes centripetal force in terms of the deviation from uniform straight line motion and the time, and which,
through its first corollary, implies a whole series of theorems (including for example Propositions XI through XIII) on
the force laws implied by various centripetal motions:
Proposition VI. If in a nonresisting space a body revolves in any orbit about an immobile center and describes any just-
nascent arc in a minimally small time, and if the sagitta of the arc is understood to be drawn so as to bisect the chord and,
when produced, to pass through the center of forces, the centripetal force in the middle of the arc will be as the sagitta
directly and as the time twice [i.e., as the square of the time] inversely.
Corollary 1. If a body P , revolving about a center S, describes the curved line APQ, while the straight line ZPR touches
the curve at any point P ; and QR, parallel to distance SP , is drawn to the tangent from any other point Q of the curve,
and QT is drawn perpendicular to that distance SP ; then the centripetal force will be inversely as the solid SP 2·QT 2
QR
,
provided that the magnitude of that solid is always taken as that which it has ultimately when the points P and Q come
together. [Newton, 1999, 453–454]
The object of our attention in this article is this fundamental sixth proposition (and then later its first corollary),
and our intent is to clarify both its statement and its demonstration. We begin by going backward, back through the
evolution of this proposition and its corollary, to see how their texts may have changed, from the initial version of
Corollary 1 in the tract “De motu” to the final settled forms that appear in the 1726 Principia. We then place the present
study of Proposition VI in context, as we examine two recent commentaries on this proposition and its demonstration.
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confusions associated with Proposition VI—with its demonstration of course, but before that with its statement: What
does Newton mean by a “body [that] revolves . . . about an immobile center”? By a “just-nascent arc”? By the “sagitta
of the arc”? By the “centripetal force”? By “will be as”? We must come to understand Newton’s intended definitions
for these Proposition VI fragments before we can know for sure what Proposition VI itself asserts, and the search for
these definitions will take us back to earlier sections of the Principia, involving us in discussions of limits, centripetal
force, centripetal motion, and the second law of motion.
In searching for definitions first, we obey the philosophical rule of resolving questions of meaning before debating
questions of truth, and we later reap the rewards for our fealty to philosophy: once we have decided what the statement
of Proposition VI means, it then becomes possible to decide whether that statement is true. We find in fact that it is
true, but the argument required to see this turns out to be more complex than one might expect, and the culprit, the
cause of this unexpected complexity, is the so-called “sagitta.” Rephrasing the proposition in terms of the more natural
“tangent deflection,” we obtain what we call Platonic Proposition VI, which has, consistent with its Platonic status, an
irreducibly simple demonstration.
After our study of Proposition VI, we turn to its fundamental first corollary. To arrive at this corollary, Newton
makes two replacements: first the sagitta of Proposition VI by a (not quite equal) deflection QR from the tangent and
then the “sector” area swept out, which Proposition I tells us can represent the time, by a (not quite equal) triangular
area SPQ. Do the errors introduced by these approximations tend to zero fast enough to justify these replacements?
Newton must believe so, but he leaves this question unasked and unanswered, as have subsequent commentators on
this crucial corollary. We end our study by asking and answering this crucial question, which then allows us to give
Corollary 1 a more rigorous demonstration.
2. Evolution
Before we begin our study of Proposition VI (and its first corollary), as they are recorded in the 1726 Principia,
it may be of some interest to examine the evolution of these assertions: When do versions of Proposition VI and
Corollary 1 appear first in Newton’s work on orbital motion? What revisions—to these claims, their demonstrations,
and accompanying figures—bring those earliest versions to the final forms that we see in the third edition? For any
changes beyond the purely cosmetic or linguistic, can we supply a likely rationale?
The assertion titled Proposition VI in Book I of the 1726 Principia has a brief history. If appears first, in Newton’s
hand, on the interleaves of his interleaved and annotated copy of the first (1687) edition, a copy that now resides in
the Portsmouth Collection of the University Library, Cambridge. Virtually unchanged, it then appears in the second
(1713) and third (1726) editions.
The assertion titled Corollary 1 of Proposition VI in the 1726 Principia has a somewhat longer history. In August
of 1684, Edmund Halley visited Newton in Cambridge to ask
what he thought the Curve would be that would be described by the Planets supposing the force of attraction towards the
Sun to be reciprocal to the squares of the distance from it. Sr Isaac replied immediately that it would be an Ellipsis. The
Doctor struck with joy and amazement asked him how he knew it. Why saith he I have calculated it, whereupon Dr Halley
asked him for his calculation without any farther delay. [Whiteside, 1991, 27]
Newton searched through his papers, but could not find the calculation. He told Halley that he would write the ar-
gument out again and send it to him. Three months later, Halley received not only the promised proof, but an entire
tract of surrounding and supporting definitions, laws of motion, lemmas, theorems, corollaries, and problems. (The
original tract is now lost, but Newton’s own autograph draft, titled “De motu corporum in gyrum,” is reproduced in
facsimile by D.T. Whiteside in [Newton, 1989, 2–11]. See also [Newton, 1967–1981, VI, 30–74] and [Herivel, 1965,
257–292].) It is in this fundamental tract “De motu” that a version of the 1726 Corollary 1 appears first, in the autumn
of 1684, under the title “Theor. 3.” With small changes in wording only (which we record below), it then appears,
around December of 1684, in the lightly augmented tract “De motu sphaericorum Corporum in fluidis”; then, roughly
between the spring and autumn of 1685, it appears, this time under the title “Prop. V. Theor. V,” in the “first state”
of the much expanded “De motu Corporum Liber primus,” a manuscript deposited a year or so later as Newton’s
“Lucasian Lectures.” Subsequently, it appears, in every case under the title “Prop. VI. Theor. V.,” in the “second state”
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Finally, it appears, now demoted, as “Corol. 1” to a new “Proposition VI,” in the second and third editions.
Why the demotion? From its first appearance in the tract “De motu” all the way down to the 1687 Principia, this
assertion has had the title “Theorem.” Why, suddenly, for the second and third editions does this assertion become a
corollary of a new, more general, Proposition VI? There is a two-word answer.
But let us come back to this question and its two-word answer after we have slogged through a record of those
changes in wording, to both the assertions and the demonstrations, that brought the initial versions of Proposition VI
and Corollary 1 to the final forms we see in the 1726 Principia. To do this with some care, we introduce abbreviations,
augmented by our own “G” and “F,” first used by Cohen and Koyré [Newton, 1972] and Cohen [Cohen, 1971] for
some of the manuscripts and printed editions which preceded the 1726 Principia. For the suggested dating of LLα and
LLβ , see [Newton, 1989] and [Newton, 1967–1981, VI, 92, 229].
G Newton’s autograph draft of the tract “De motu corporum in gyrum” (autumn 1684).
F Tract “De motu sphaericorum Corporum in fluidis” (around December 1684).
LL Manuscript deposited by Newton in the Cambridge University Library corresponding (supposedly but disin-
genuously) to public lectures he gave as Lucasian Professor of Mathematics in the academic years beginning
October 1684 and October 1685. Called the “Lucasian Lectures.” Consists of parts of two manuscripts, LLα
and LLβ : Definitions, Laws of Motion, followed, under the title “De motu Corporum Liber primus,” by the
rest of the manuscript.
LLα First state of LL (winter/early spring 1684–1685). Called “De motu Corporum Liber primus.” Leaves 9
through 32 of LLα appear (renumbered) as leaves in LL.
LLβ Second state of LL (summer/winter 1685–1686). Twenty leaves of LLβ appear at the beginning of LL; fifty-
six leaves of LLβ appear at the end of LL.
M Printer’s manuscript of the 1687 Principia, in the hand of Humphrey Newton, with corrections inserted by
Isaac Newton and Edmund Halley (Royal Society).
E1 First (1687) edition of the Principia.
E1a Newton’s annotated copy of E1 (in Trinity College Library, Cambridge University).
E1i Newton’s interleaved and annotated copy of E1 (in the Portsmouth Collection, University Library, Cam-
bridge).
E1ii An interleaf of E1i.
E2,E3 Second (1713) and third (1726) editions of the Principia.
We now present Proposition VI and its Corollary 1, along with their demonstrations, in the original Latin from the
1726 Principia, with footnotes marking the various changes which have brought the earliest versions to this final form.
Cohen and Koyré [Newton, 1972], in their third edition of the Principia with variant readings, record the changes from
M to E3. We have copied that record here, using footnote numerals rather than the line numbers in [Newton, 1972],
and have expanded that record to include any changes from G to M . Perhaps we should pause here for a reading of
the footnotes . . . .
Propositio VI. Theorema V.1 Si corpus in spatio non resistente circa centrum immobile in orbe quocunque revolvatur,
& arcum quemvis jamjam nascentem tempore quam minimo describat, & sagitta arcus duci intelligatur, quæ chordam
bisecet, & producta transeat per centrum virium: erit vis centripeta in medio arcus, ut sagitta directe & tempus bis2
inverse.
Nam sagitta dato tempore est ut vis (per corol. 4. prop. I.) & augendo tempus in ratione quavis, ob auctum arcum in
eadem ratione sagitta3 augetur in ratione illa duplicata (per corol. 2 & 3, lem. XI.) ideoque est ut vis semel & tempus bis.4
1 The assertion below, together with its demonstration—“Si corpus . . . bis inverse”—unchanged from E2, appears, with the minor variants
recorded in the notes below, first on an interleaf E1ii of E1i.
2
“tempus bis” is “quadratum temporis” on E1ii.
3
“sagitta” is an insertion into E1ii.
4
“semel & tempus bis” is “et quadratum temporis conjunctim” on E1ii.
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Idem facile demonstratur etiam6 per corol. 4. lem.x.
Corol. I.7 Si corpus P revolvendo circa centrum S8 describat lineam9 curvam APQ; tangat vero10 recta ZPR curvam
illam in puncto quovis P , & ad tangentem ab alio quovis curvæ puncto Q agatur QR distantiæ SP parallela, ac demittatur
QT perpendicularis ad distantiam illam11 SP : vis centripeta erit12 reciproce ut solidum SP quad.×QT quad.
QR
; si modo
solidi illius ea semper sumatur quantitas, quæ ultimo fit, ubi coeunt puncta P & Q.13 Nam QR æqualis est sagittæ
dupli14 arcus QP , in cujus medio est P ,15 & duplum trianguli16 SQP sive17 SP ×QT , tempori, quo arcus iste duplus18
describitur, proportionale est; ideoque pro temporis exponente scribi potest.
Well, that was certainly fun. On now, or back, to our earlier question: What motivated the reorganization of E2
that introduced a new Proposition VI and demoted the old Proposition VI from E1 into a corollary? Why would the
QR/(SP 2 · QT 2) measure of centripetal force, which had been called a theorem from G to E1, suddenly lose that
title in E2? The answer, in two words, is curvature and aesthetics.
During the early 1690s, Newton recorded, in manuscripts he never published, extensive plans for revising the first
edition of the Principia. “In addition to the many minor ameliorations of its textual detail which Newton started
to record soon after publication in his annotated working and library copies . . . of his 1687 Principia,” comments
Whiteside [Newton, 1967–1981, VI, 538, Note 1],
. . . he also concurrently drafted a number of tentative further improvements which never found their way into print,
commencing with the remoulding of individual axioms, lemmas, and propositions, but soon—no later than May 1694
when . . . he allowed David Gregory a glimpse of this more radical scheme of revision—passing on to begin a major
rebuilding of the Principia’s structure which he never finished, yet of which extensive fragments survive in his unpublished
papers.
Centering on the notion of curvature, this “more radical scheme” was never implemented in the 1713 Principia,
and in the end, Newton made do with tucking bits and pieces of the scheme into nooks and crannies of the second
edition, generally in the form of new corollaries and alternate solutions. (To read more about Newton’s plans for a
radical revision of the 1687 Principia, see [Brackenridge, 1990, 1995]; [Cohen, 1971, 162–199]; [Pourciau, 1992];
and [Newton, 1967–1981, VI, 568–599].)
One particular piece of that radical scheme, a formula for the centripetal force in terms of the so-called “chord of
curvature,” can be found tucked into E2 and E3 as Corollary 3 of Proposition VI [Newton, 1999, 453–455]:
Proposition VI. If in a nonresisting space a body revolves in any orbit about an immobile center and describes any just-
nascent arc in a minimally small time, and if the sagitta of the arc is understood to be drawn so as to bisect the chord and,
when produced, to pass through the center of forces, the centripetal force in the middle of the arc will be as the sagitta
directly and as the time twice [i.e., as the square of the time] inversely.
5
“tempus bis” is “quadratum temporis” on E1ii.
6
“etiam” is an insertion into E1ii.
7 The following assertion, together with its demonstration—“Si corpus . . . scribi potest”—unchanged from E2, appears, with the minor variants
recorded in the notes below, first in G and H (both under the title “Theor. 3.”), then in LLα (under the title “Prop. V. Theor. V.”), then in LL, M ,
and E1 (all under the title “Prop. VI. Theor. V.”), and finally in E2 and E3 (under the title “Corol. 1”).
8 LL had “circa centrum S girando” before “revolvendo” was inserted and “girando” was crossed out.
9 G through E1 have “lineam quamvis curvam.”
10
“verò” is inserted into LL.
11
“illam” is lacking in G through E1.
12 G through E1 have “Dico quod vis centripeta sit.”
13 The following demonstration—“Nam QR . . . scribit potest”—is new in E2, E3.
14
“dupli” is lacking on E1ii.
15
“in . . . P ” is lacking on E1ii.
16
“duplum trianguli” is “triangulum” on E1ii.
17
“sive” is “ejusque duplum” on E1ii.
18
“duplus” is lacking on E1ii.
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the curve at any point P ; and QR, parallel to distance SP, is drawn to the tangent from any other point Q of the curve,
and QT is drawn perpendicular to that distance SP; then the centripetal force will be inversely as the solid SP 2·QT 2
QR
,
provided that the magnitude of that solid is always taken as that which it has ultimately when the points P and Q come
together.
Corollary 2. By the same argument the centripetal force is inversely as the solid SY 2·QP 2
QR
, provided that SY is a perpen-
dicular dropped from the center of forces to the tangent PR of the orbit. For the rectangles SY · QP and SP · QT are
equal.
Corollary 3. If the orbit APQ either is a circle or touches a circle concentrically—that is, if it makes with the circle an
angle of contact or of section which is the least possible—and has the same curvature and the same radius of curvature at
point P, and if the circle has a chord drawn from the body through the center of forces, then the centripetal force will be
inversely as the solid SY 2 · PV . For PV is equal to QP 2
QR
.
Corollaries 1, 2, and 3 record three different measures of centripetal force. For brevity, let us call these measures
1, 2, and 3. Thus, for example, measure 1 is the expression QR/(SP 2 · QT 2). Now from G to E1, as we know,
measure 1 stands by itself, as a theorem or proposition. So why in E2, we ask again, does Newton decide to list this
fundamental measure as a corollary of a new Proposition VI? Note that his desire to tuck measure 3, the new curvature
measure, into this particular cranny does not require the demotion of measure 1: he could have kept measure 1 as
Proposition VI and then easily obtained measure 2 (since SY ·QP = SP ·QT ) as a first corollary and then measure 3
(since PV = QP 2/QR) as a second corollary (a corollary of the first corollary). Thus neither mathematics nor logic
forces the demotion. But aesthetics certainly provides a push in that direction, given that Newton does wish to insert
the new curvature measure at this location. After all, measures 1, 2, and 3 are on an equal footing, mathematically
speaking, there being no reason, on the basis of generality or depth, to promote one measure over the other two, and this
equal mathematical footing is nicely reflected in the equal typographical footing seen in E2 and E3: three particular
measures of centripetal force set out as three corollaries of a new Proposition VI. Moreover, the new Proposition VI,
expressed in terms of a time interval h and the sagitta S generated in that time interval, features a measure S/h2 of
the centripetal force that seems more general and generic than the measures 1, 2, and 3, making the new proposition
a natural umbrella for the three corollaries.
Well, so much for the evolution, from “De motu” to the 1726 Principia, of the text of Proposition VI and its first
corollary. Not surprisingly, the figure that illustrates that first corollary has evolved as well, in particular because in E2
the second and third corollaries introduce two new points (Y and V ) and segments (SY and PV ). We have reproduced
as Fig. 1 figures from G, E1, E1a, E1i, and E3. (The figure in G, in Newton’s hand, is taken from [Newton, 1989, 4],
a facsimile of the original autograph; the others are taken from [Newton, 1972, 103–105].) From G to E1, notice
that the tangent line PR has been extended in the opposite direction, becoming the line ZPR, and the lower half
of the orbit has been deleted. From E1 to E1a, the tangent line ZPR has been extended further past the point R to
make room for the new point Y and the dotted line SY . From E1a to E1i, the line PS has been extended beyond
S to accommodate the new point V , which marks the place where the line PS, when produced, meets the circle of
curvature, which is not shown. And finally, from E1i to E3, nothing changes but the placement of the letters S, A,
and V .
With E3, the 1726 Principia, all evolution ends. It is to the final settled text in this third edition that we now turn.
3. Commentaries and confusions
By the end of this work, we hope to have clarified both the statement and demonstration of Proposition VI, as well
as the argument for Corollary 1, but before we attempt to clarify anything, it would seem wise to catalog the sources of
confusion in this proposition, if only to see what we are up against. We do this inventory of confusions in two stages.
We first take a careful look at two recent commentaries on Proposition VI, noting those places where each loses the
struggle to remain clear and cogent. We then study the proposition itself, searching first its statement and then its
demonstration for undefined terms, fuzzy claims, hidden or invalid assumptions, and unconvincing implications.
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To the commentaries then. We have selected two quite recent commentaries for our perusal, because confusions
which remain even in recent commentaries are more apt to be serious confusions, resistant to the passage of time and
the accumulation of scholarship. A study written not long after the publication of the 1687 Principia, since it could
not have been informed by the past 300 years of science, mathematics, and Newtonian scholarship, may well contain
certain confusions that, because they have been clarified during the intervening years, do not appear in later studies.
For example, Leibniz squeezed a number of comments into the margins of his personal copy of the 1687 Principia.
These marginalia, together with Leibniz’s notes on the Principia (written on two sheets folded in quarto), can be seen
as one of the earliest commentaries on Newton’s masterpiece. (See Bertoloni Meli, 1993, 219–249; Guicciardini, 1999,
136–168.) That even the great Leibniz’s notes on Proposition VI are seriously flawed is not surprising, given that he
was reading the Principia just after its publication, unaided by previous studies and hindered by his own quite different
(accelerationless) conceptual scheme for orbital motion. But as we shall see below, even recent commentaries, by
eminent scholars, have had problems with Proposition VI.
3.1. A commentary by Chandrasekhar
In 1995 the renowned astrophysicist S. Chandrasekhar published a book-length commentary on the Principia
called Newton’s Principia for the Common Reader. This commentary displays the sort of technical and theoretical
insights one might expect from a scientist of his stature. When he comes to Proposition VI, Chandrasekhar reproduces
Newton’s figure (redrawn in slightly simplified form in Fig. 2) and provides the following analysis:
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Let APQ be the orbit described by a particle about the centre of attraction S; P and Q neighboring positions of the
particle at an interval δt apart; YPZ the tangent at P specifying the direction of motion; and QR the continuation of SQ
(and is the versed sine of twice the arc PQ). . . . In the absence of centripetal attraction the particle initially at P will by
inertia proceed in the direction of the tangent at P and in time δt will arrive at R (say). By the centripetal force acting for
a time δt , the particle is drawn to Q. Hence by Galileo’s theorem, as stated by Newton . . .
QR = 1
2
(centripetal force) × (δt)2 = 1
2
(C.F.)(δt)2,
where, for brevity, we shall write C.F. for centripetal force . . . . [Chandrasekhar, 1995, 77]
Note first that Chandrasekhar wilfully ignores the “sagitta of the arc,” which appears in the statement of Propo-
sition VI—the sagitta is a line segment joining the arc to its chord (see Sections 3.2 and 4.5)—preferring to work
instead with the segment QR, a sort of “deflection from the tangent” that Newton employs in Corollary 1. This would
not be so bad—in fact we will later do something similar ourselves—but look at how the point R is defined (or rather
overdefined). Initially we are told that “QR [is] the continuation of SQ.” As the points S and Q have been given
already, this description uniquely defines the location R on the tangent line ZPR. But later we are told that “in the
absence of centripetal attraction the particle initially at P will by inertia proceed in the direction of the tangent at
P and in time δt will arrive at R (say).” Now this description defines R in a second way, and these two definitions
of R are not equivalent: the place on the tangent which is the continuation of SQ is not (generally) the same as the
place where the body arrives in time δt in the absence of a force. Moreover, both of these characterizations of R are
inconsistent with Newton’s own characterization explicitly stated in his argument for Corollary 1: R is the point on
the tangent ZPR that makes “QR parallel to [the] distance SP ” [Newton, 1999, 454].
A second problem with Chandrasekhar’s analysis concerns his invocation of “Galileo’s theorem,” or, more accu-
rately, his invocation of Newton’s interpretation of “Galileo’s theorem” as expressed in the scholium following the
laws of motion in the Principia. In Newton’s own words, here is Galileo’s theorem, sometimes called the “law of
fall”: “When a body falls [under the influence of] uniform gravity . . . the spaces described . . . [are] in the squared
ratio of the times” [Newton, 1999, 424]. Newton’s very brief argument for this theorem assumes that (1) a body let fall
from rest (2) falls in a straight line toward the center of force (3) under the influence of gravity, which (4) is assumed
uniform. Yet in Proposition VI not even one of these four assumptions holds, and this fact completely invalidates the
invocation of Galileo’s theorem. Of course some might well argue that Galileo’s theorem does apply, because they
see the body as falling from rest at R along the segment RQ. But in fact the body is manifestly never at rest at R,
indeed it is never at R at all, and it certainly never traverses the segment RQ. Others might claim that although it never
actually traverses the segment RQ, the body “may be thought of as” falling from rest at R along RQ. Yet what would
such a claim mean? And even if the meaning of such an assertion could be made clear, could it be justified? (It turns
out to be the second law of motion, properly interpreted, that answers these questions! More about this later. Note
that Chandrasekhar does not mention the second law.) Moreover the centripetal force in Proposition VI is definitely
not uniform. Of course one might counter that APQ is a “just-nascent arc” described in a “minimally small time,”
and that therefore “we may assume that the force is uniform.” But such a claim is meaningless gibberish until we
understand the meaning of a “just-nascent arc” and a “minimally small time,” for only then would we know what the
claim asserts, and even given such clarifications, the resulting claim would have to be justified—since “saying it’s so
does not make it so”—with a demonstration that the error produced (by assuming the force is uniform) is “sufficiently
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not gravity, at least not necessarily—gravity being to Newton that force which attracts bodies toward the center of
the earth—but rather any arbitrary “centripetal force.” Thus the assumptions of Galileo’s theorem as it is expressed
by Newton do not all hold; indeed all four assumptions fail. As a consequence, Galileo’s theorem does not apply, and
Chandrasekhar’s analysis breaks down.
3.2. A commentary by Cohen
The wonderful recent translation of the Principia by Bernard Cohen and Anne Whitman [Newton, 1999] is pre-
ceded by Cohen’s A Guide to Newton’s Principia, which overflows with insights gathered from a lifetime of Newtonian
scholarship. To illustrate the many difficulties involved in understanding the Principia, he provides instructive com-
mentaries on several key results, the very first of these being, appropriately enough for us, Proposition VI: “The
particle moves along the curved path,” writes Cohen, referring to Newton’s figure (part of which we have redrawn
above),
because of the action of a centripetal force F directed toward S, causing it to depart from the straight line path [Z]PR,
tangent to the curve at P . If there were no centrally directed deflecting force, the particle (which is assumed to have a
component of inertial motion) would move through some distance PR along the tangent in the minimally small time t .
Since there is a centrally directed force F , however, the particle does not move in a straight line from P to R, but rather
along the curve from P to Q. Basically, the proposition says that the magnitude of the force F may be measured by the
amount of deflection from R to Q in a given time t . The location of Q must be specified by a line from R parallel to
SP which intersects the curve at Q. [Cohen, 1999, 318–319]
Let us analyze Cohen’s analysis. First we are told that Q is the place where the particle arrives in the time t under
the influence of the force. Then we are told that the “location of Q must be specified by a line from R parallel to SP ,”
where R is the place where the particle would have arrived in time t in the absence of any force at P . But clearly
we now have two definitions of Q, and these definitions are mutually incompatible: if R is given as the place where
the particle would have been in time t in the absence of the force, then the place where the particle actually arrives
in time t in the presence of the force is not in general the place where the line from R and parallel to SP meets the
orbit.
Cohen next observes that Newton’s figure in the Principia illustrates the first corollary better than the proposition
itself, for the figure shows the segment QR, a sort of “deflection from the tangent” referred to in Corollary 1, but
not the “sagitta” mentioned in Proposition VI. (Just a few pages earlier in the Guide, Cohen has explained that in
Newton’s time and even into the late 1800s “sagitta”—Latin, meaning “arrow”—was “used in two quite different
senses: (1) a line drawn from the midpoint of an arc to its chord, and (2) a line drawn to an arc from the midpoint of
the chord of the arc” [Cohen, 1999, 307].) This leads Cohen to draw a revised figure, one that explicitly shows what
he takes to be the particular sagitta Newton has in mind; see Fig. 3.
“In order to help the reader more easily understand prop. 6 and its proof,” as he puts it, “the diagram has been
modified by the addition of a point Q′, chosen so that the chord QQ′ is divided into two equal parts by the line from
the center of forces S to the point P , which intersects the chord in a point X” [Cohen, 1999, 319]. The segment PX
is Cohen’s choice for the sagitta. But this revised figure has a serious problem, for it is manifestly overdetermined:
by this we mean that although Proposition VI applies to every motion of a “body revolv[ing] in any orbit about an
Fig. 3.
B. Pourciau / Historia Mathematica 34 (2007) 140–172 149Fig. 4.
immobile center,” so that Cohen’s revised figure must involve a construction which can be completed for any such
orbital motion, there are, in fact, some cases of orbital motion where Cohen’s construction cannot be completed. To
see this, note that with the points S, P , and Q fixed ahead of time, the point Q′ is supposed to satisfy two conditions:
(1) Q′ lies on the orbit and (2) the line SP bisects the chord QQ′. But it is easy to give examples of orbital motions
and locations for the points S, P , and Q where no point Q′ that satisfies (1) will also satisfy (2). Figure 4 is one such
example. For this particular configuration, observe that no point Q′ on the orbit produces a chord QQ′ bisected by
the line SP .
We can look at this same overdetermination from a different angle. Instead of starting with fixed points S, P ,
and Q and searching for an appropriate Q′, we start with fixed points S, Q, and Q′, plus a given small time interval
t , and search for an appropriate point P . According to Cohen’s construction, and letting X denote the midpoint of
the chord QQ′, the point P must satisfy two requirements: (a) the line SX, when produced, meets the orbit at P and
(b) P is the location of the body the given time t before it arrives at Q. But quite obviously, the point that satisfies
(a) will not in general be the point that satisfies (b). (In their generally excellent commentaries, lining the pages of the
so-called but erroneously called “Jesuits edition” of the Principia [Newton, 1833, 79], the two Minim—and therefore
Franciscan, not Jesuit—friars, Thomas Le Seur and Francis Jacquier, arriving at Proposition VI, draw a figure much
like Cohen’s revised figure and naturally suffer the same fate: an overdetermined construction. Cohen and the friars
share a common concern: to determine the precise sagitta that Newton has in mind and then relate that sagitta to the
“deflection” QR. This will be our concern as well, beginning in 4.5.)
Before he begins to discuss Newton’s demonstration for Proposition VI, Cohen gives his own brief argument for
this proposition: “Under the conditions set by Newton . . . he can conclude that the force . . . is proportional to the
distance divided by the square of the time, in this case the deflection RQ (or the sagitta, which is equal to it) divided
by the square of the time” [Cohen, 1999, 320]. Here we level the same criticism we leveled at Chandrasekhar’s
commentary, namely, in what sense is RQ the distance travelled by the particle during the time t , given that the
particle never actually traverses the segment RQ? As we shall see later, only a carefully explained invocation of (an
accurately interpreted) second law of motion clarifies this question. Yet Cohen does not mention the second law at
this point. Furthermore, Cohen claims that the deflection RQ equals the sagitta PX, and yet R by his definition is
the place where the particle would arrive in time t in the absence of a force, so there is no reason to expect the
segment RQ to be parallel to SP , while Cohen’s sagitta PX, on the other hand, is, by his own definition, parallel
to SP . Hence, in fact, the deflection RQ is not in general equal to Cohen’s choice for the sagitta, PX.
One final problem: Continuing with his comments on the Principia’s argument for Proposition VI, Cohen writes
that Newton calls on Corollary 2 and Corollary 3 of Lemma XI (Book I) to conclude that “the arc in any small time
increases in direct proportion to the time” [Cohen, 1999, 320]. But in fact this seriously misrepresents Newton’s
reason for calling on these corollaries, for Newton takes the (ultimate, that is, limiting) proportionality (between the
arc and the time) as obvious—obvious because a body describing the arc has at each time a given speed, and by its
very definition that speed is the limiting proportionality of the arc over the time—and invokes these corollaries rather
to infer, from that obvious proportionality, that the sagitta is “increased in that ratio [the ratio of the times] squared”
[Newton, 1999, 444].
3.3. Further confusions: the statement of Proposition VI
We have recorded confusions in two recent commentaries on Proposition VI. Further confusions can be found, not
in this or that commentary, but in Newton’s own statement of the proposition. These further confusions have remained
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the various studies of Proposition VI. Commentaries on Proposition VI have failed to ask the fundamental question:
What precisely does Proposition VI assert? Philosophy and common sense tell us there is little point in asking whether
a claim is true until we understand what that claim means. So before we ask for truth—Is Proposition VI true? Does
Newton’s argument for it persuade? Can we construct a more convincing demonstration?—we should first ask for
meaning: In the statement of Proposition VI, what does it mean to assume that “in a nonresisting space, a body
revolves in any orbit about an immobile center”? Or to assume that this motion “describes any just-nascent arc in a
minimally small time”? What exactly does Newton mean by “centripetal force” and (this is really equivalent) how is it
measured? And what does it mean to claim that one quantity “will be as” another quantity? Another question—Which
“sagitta” does Newton have in mind?—has been addressed in some commentaries, but as we have just witnessed, not
without lingering confusions.
We shall try to answer these questions in subsequent sections, so that we can ultimately come to an agreement on
the precise meaning of Proposition VI, but for now, to get just a sample of the nontrivial difficulties involved, consider
the first question only: What does Newton mean by the motion of a “body [that] revolves in any orbit about an
immobile center”? Since we have an “immobile center” of force, it seems such a motion must be a motion “generated
by” what Newton calls a “centripetal force,” which is defined as a “force by which bodies are drawn from all sides,
are impelled, or in any way tend, toward some point as to a center” [Newton, 1999, 405]. This definition of centripetal
force, though, begs the question, for it does not tell us what it means, mathematically, to say of a moving body that it
“tends toward a center.” If a body begins at rest at P and then moves toward some point S along the ray from S, surely
in this case we would say the body “tends toward S,” but what about the general case where the body is not initially
at rest, but already in motion (with a motion not generally along the line through S)? What then would it mean to say
the body “tends toward S”? In the explanatory sentences following his definition of centripetal force, Newton gives
us some direction. “A stone whirled in a sling,” he writes,
endeavors to leave the hand that is whirling it, and by its endeavor stretches the sling . . . . The force opposed to that
endeavor, that is, the force by which the sling continually draws the stone back toward the hand and keeps it in orbit, I call
centripetal, since it is directed toward the hand as toward the center of an orbit. And the same applies to all bodies that
are made to move in orbits. They all endeavor to recede from the centers of their orbits, and unless some force opposed to
that endeavor is present, restraining them and keeping them in orbits and hence called by me centripetal, they will go off
in straight lines with uniform motion. [Newton, 1999, 405]
Clearly Newton directs us to characterize the condition “tends toward S” in terms of the body’s deviation from uniform
straight line motion.
Let us examine this “deviation” more carefully. A moving body arriving at P would, in the absence of a force,
continue in uniform straight line motion from P to L, say, in a given time. This follows of course from the first law of
motion. If the body instead deviates from uniform straight line motion and moves (along a curve or line) from P to Q,
say, in this same given time, then the first law of motion (in its contrapositive form) tells us that some force generates
this deviation, a deviation measured naturally by the arrow (directed line segment) −−→LQ from L to Q. We call this
measure of the deviation the moving deflection (or the deflection from the tangent) generated in the given time. See
Fig. 5.
How can we use this moving deflection −−→LQ to define what it would mean for the body to “tend toward S” at P ? It
would be natural to say the body “tends toward S” at P if, as the given time interval shrinks toward zero, the moving
Fig. 5.
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parallel” to SP . But there are problems with this proposed definition. For example, how should one make precise
this notion of “coming closer and closer to being parallel to SP ,” especially given that the deflection −−→LQ becomes
arbitrarily short as the time interval shrinks toward zero? (After all, the limit of −−→LQ is the “zero arrow,” which has no
direction.) Furthermore, without an axiom or law that would allow us to assume otherwise, the effect of a given (that
is, fixed) force on the body at P , as measured by the deflection, could conceivably depend on the speed or direction
of the body at P . In such a case, one body under the influence of some given force at P might “tend toward S” at P
(because the moving deflection −−→LQ is “ultimately parallel” to SP ), while the same body under the influence of the
same force might not “tend toward S” at P , merely because the body arrives at P (when the given force is applied)
with a different speed or direction.
Such behavior would not conform to Newton’s experience with experimental facts. As the Principia is a treatise on
the mathematical principles of natural philosophy, we would expect these experimental facts to force the assumption
in the Principia of an axiom or law that would rule out such unruly behavior. As we shall see later, this is precisely
where Newton’s second law of motion comes in. Unfortunately, because the definition of a concept must precede
any use of that concept, Newton’s definition of centripetal force in the Principia appears before his statement of the
second law, and hence the second law cannot be used to help us with the definition of centripetal force, the definition
of “tends to S,” or the definition of the motion of a body “in any orbit about an immobile center of force.” (Note that
the concept of “centripetal force” is in fact used in the second law, because the second law refers to “motive force” and
“motive force” is defined only for centripetal forces. Indeed “motive force” is short for “motive quantity of centripetal
force” [Newton, 1999, Definition 8, 407].) All this will be straightened out in Sections 4.2 and 4.3. Newton’s own
interpretation of his second law appears in Section 6.
The point we have been trying to make is this: to the confusions we saw in the two commentaries we reviewed,
we must add the confusions arising from Newton’s own statement of Proposition VI: What does it mean to suppose
that a “body revolves in any orbit about an immobile center”? For that body to “describe any just-nascent arc in a
minimally small time”? To claim that one quantity “will be as” another quantity? Which sagitta is intended? And
what is the “centripetal force”? As our discussion above suggests, some of these, if not all, are nontrivial questions
causing serious confusions about the precise meaning of Proposition VI.
It might seem natural, now that we have sampled the confusions arising from the statement of the proposition, to ex-
amine next whatever confusions may lie embedded in Newton’s demonstration of that proposition. But we would then
be disobeying our philosophical rule: to decide meaning before debating truth. In other words, it does not make sense
to worry too much about whether Proposition VI is true or whether we find Newton’s argument for Proposition VI
convincing until we have figured out precisely what the proposition asserts.
4. The statement of Proposition VI
To clarify the meaning of Proposition VI, we shall break the statement down into its constituent parts and carefully
examine each piece. Three of these pieces involve a limit process: the motion of a body that “revolves in any orbit
about an immobile center,” the “centripetal force,” and “will be as.” We begin with the expression “will be as,” because
the limit concept resides here in its purest form.
4.1. “Will be as”
In the statement of Proposition VI, we read that the “centripetal force . . . will be as the sagitta directly and the time
twice inversely.” Newton uses the expressions “will be as” and “is as”—as well as the variations “will be ultimately
as” and ”is ultimately as”—throughout the Principia. What does it mean to claim that one quantity “will be as” or
“will be ultimately as” another quantity? The scholium between Lemmas X and XI in Section I (Book I) takes us
partway to a definition: “If indeterminate quantities of different kinds are compared with one another,” he begins,
“and any one of them is said to be . . . as any other, the meaning is that the first one is increased . . . in the same ratio
as the second.” In other words, Newton explains, given any two quantities A and B , both of which depend on some
third quantity, say h, if “A is said to be as B . . . the meaning is that” A and B “are to each other in a given ratio” as
h varies [Newton, 1999, 438–439].
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this “given ratio” must be (in Newton’s sense of the word) “finite,” which means finite and nonzero to us: Newton’s
quantities generally derive from the measure of something geometric, and a “finite” quantity measures a geometric
entity that must exist, so the quantity must be not just finite, but nonzero as well. Second, a “given ratio” must of course
be “given,” by which Newton means “given ahead of time,” that is, a “constant.” But whether a particular quantity may
be regarded as a “constant” naturally depends on the context: in a problem involving explicitly given functions, say,
such as 1 − cosh and h2, a specific number, such as 1/2, could be regarded as a constant, but in a problem involving
the calculation of centripetal force acting on a body, for another example, a quantity might need to be independent of
everything except the body itself—independent of the location, speed, and direction of the body, for example—to be
regarded as a constant. We use the word “constant” in the descriptions below, but we should remember that whether a
quantity may be seen as a constant depends on the context.
Thus, when there is no limit process involved, “A is as B” means that there is a nonzero finite constant k such that
A/B remains equal to k as h varies. But whenever Newton uses the “is ultimately as” expression (and sometimes even
when he uses the “is as” expression) a limit process is involved, and then of course “A is ultimately as B” (or “A is
as B”) means that there is a nonzero finite constant k such that the ratio A/B tends toward k.
Modern notation may help to clarify things. Suppose f and g are functions of h. Then to say that f is ultimately
as g (as h → 0 say) means that for some nonzero finite constant k, we have f (h)/g(h) → k as h → 0. One might say
that f and g are “ultimately proportional” or “proportional in the limit.” The equivalent expressions, “is ultimately
as” or “will be ultimately as,” are used in the Principia generally (but not always) with “evanescent quantities,” that
is, with quantities f and g that each tend toward zero, to compare the rates at which these quantities tend toward
zero. For example, as h tends toward zero the quantity 1 − cosh tends toward zero. But how fast does it tend toward
zero? To answer this question, we might compare 1 − cosh to the standard quantities h, h2, and h3, each of which
tends toward zero, but h2 faster than h and h3 faster than h2. We compare how fast quantities tend toward zero by
examining the behavior of their ratios as h → 0:
1 − cosh
h
→ 0, 1 − cosh
h2
→ 1
2
,
1 − cosh
h3
→ +∞.
Intuitively speaking, these limits indicate that 1 − cosh tends toward zero more quickly than h, more slowly than h3,
and at about the same rate as h2. Newton would say that 1 − cosh is ultimately as h2.
Later it may be handy to have the so-called “little oh” notation to help with certain limit statements; so we add it
to the following definition where we formally record what Newton means by “will be as” in Proposition VI:
Definition. We say f (h) is evanescent (as h → 0) if f (h) → 0 as h → 0. Given two evanescent quantities, f (h)
and g(h), if f (h)/g(h) tends toward zero as h → 0, we write f = o(g) and say “f is little oh of g,” while if
f (h)/g(h) → k for some nonzero finite constant k, then with Newton we shall say that f is ultimately as (or will be
ultimately as) g.
Thus 1− cosh = o(h), 1− cosh is ultimately as h2, and h3 = o(1− cosh). For more on Newton’s concept of limit,
see [Pourciau, 2001].
Now back to Proposition VI for a minute. We may not yet know exactly what Newton means by the “centripetal
force” or just which “sagitta” he has in mind, but from his claim that the “centripetal force . . . will be as the sagitta
directly and as the time twice inversely” and from our new understanding of the expression “will be as,” we can at
least infer the following:
(1) assuming the body arrives at P at some time t0, say, the measures F(h) and S(h) of the centripetal force at P
and the sagitta at P , however these measures are defined by Newton, are computed at t0 relative to a given small
time interval h, and
(2)* the ratio of F(h) and S(h)/h2 tends toward a nonzero finite constant k as h tends toward zero.
We have placed the asterisk on the second conclusion, because it could be more explicit. We just need to ask when
a quantity may be regarded as a “constant” in the context of Proposition VI. Newton wants to use Proposition VI to
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of everything but the body itself. We revise conclusion (2)* accordingly:
(2) the ratio of F(h) and S(h)/h2 tends toward a nonzero finite constant as h tends toward zero, and this constant
depends only on the given body and not on the body’s position, speed, or direction.
4.2. Interlude: definitions and bodies at rest
Before we go on to examine the other parts of the Proposition VI statement, let us pause to make the case that
whatever Newtonian definitions we arrive at for the motion of a “body [that] revolves in any orbit about an immobile
center” or for the “centripetal force,” these definitions must be given in terms of a body at rest. To see this, recall from
Section 3.3 how we struggled to uncover Newton’s (implicit) definition of a “centripetal force”:
Suppose a given body, arriving at the place P at the time t0, would, in the absence of a force, move in uniform
straight line motion from P to L, say, in a given time h. Suppose, however, that we observe this body moving (along a
curve or line) from P to Q, say, in this same given time h. The first law of motion then allows us to say that the body
is made to move from P to Q by some force. According to Newton’s definition, a “centripetal force is the force by
which bodies . . . tend toward some point as to a center” [Newton, 1999, 405, Definition 5]. So to define a centripetal
force more carefully, more mathematically, we need to know what it would mean for a moving body to “tend toward
some point.” Take our body that moves from P to Q. Let S be some fixed point. What would it mean for this body to
“tend to S at P ”? It seems we must define “tends to S at P ” in terms of the only sign we have that a force is acting,
namely (what we have called) the moving deflection −−→LQ. The obvious first try at a rough definition would be this:
the body “tends to S at P ” provided the moving deflection −−→LQ is “ultimately parallel” to SP , that is, provided −−→LQ
becomes more and more nearly parallel to the line SP as the time interval h shrinks toward zero.
We noted though, in Section 3.3, some apparent problems with this proposed definition. First of all, it is not
immediately clear how to define “ultimately parallel” when the deflection −−→LQ becomes arbitrarily short as h → 0;
one cannot refer to the direction of the limit of −−→LQ, because that limit is the zero vector, which has no direction. This
problem is easily fixed, as we shall see later, by looking at the arrow −−→LQ/h2, which has the same direction as the
arrow
−−→
LQ but a nonzero limit as h → 0.
The second problem is more interesting. In the absence of a law or axiom that would allow us to assume other-
wise, it is certainly conceivable a priori that the effect of a given force on the body at P (as measured by using the
deflection −−→LQ in some way) could depend on the speed and/or direction of the body at P . In such a case, the moving
deflection −−→LQ could well be “ultimately parallel” to SP for a given body moving under the influence of a given force
at P but fail to be “ultimately parallel” to SP for the same body moving under the influence of the same force at P
merely because the body passes through P with a different speed or direction. Newton would not call such an effect
a centripetal force, for it would not conform to his experience with experimental facts, concerning, for example, the
attraction of one body for another. Whether a given centripetal force makes bodies “tend toward S at P ” should not
depend on the speed or direction the bodies have at P .
Why not just decree that such effects will not be called centripetal forces? Indeed this is exactly what Newton
does—in his second law of motion. We shall show in Section 6 that the second law (according to Newton’s own
interpretation of that law) decrees that the effect of a given centripetal force on a body (that is, the deflection from
uniform straight line motion produced) is independent of the speed and direction of that body at the time that given
force is applied. So if we had the second law in hand, we could use the moving deflection −−→LQ and the “ultimately
parallel” condition to define “tends to S” and hence to define a “centripetal force,” because the moving deflection
would depend on the force alone. But the problem is this: Newton’s statement of his second law applies only to
centripetal forces—since the second law refers to “motive force,” which is defined for centripetal forces only [Newton,
1999, 407, Definition 8]—and therefore the definition of what a centripetal force is must come before the statement of
the second law. And indeed in the Principia Definition 5 of centripetal force does appear in the section just preceding
the laws of motion. Yet any proposed definition of “tends to S,” and hence any proposed definition of “centripetal
force,” which uses the moving deflection −−→LQ and which appears before the second law has been stated and assumed,
cannot be valid, since before the second law is assumed the moving deflection, produced by a given force, might
conceivably depend on the speed or direction of the body.
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force,” or for the motion of a “body [that] revolves in any orbit about an immobile center” must refer to the effect of
the force on a body at rest.
To complement the logical arguments we have just given for this claim, we add some historical and textual evidence.
Early in the Principia, following Definition 7 on “accelerative force,” Newton writes that the “force that produces
gravity . . . is everywhere the same at equal distances, because it equally accelerates all falling bodies . . . ” [Newton,
1999, 407]. In his comments on Proposition XIX (Book III), concerning the shape of a planet, Newton measures the
motive force of gravity at the latitude of Paris by computing the distance a body falls from rest at that latitude in one
second: “a body falling in a vacuum will describe a space of 2,174 lines in the time of one second” [Newton, 1999,
822]. Indeed scientists of the 17th century quite generally—Galileo, Mersenne, Riccioli, and Huygens being just the
most prominent—used the distance fallen from rest in one second to measure surface gravity.
4.3. Centripetal force
Recall the Principia’s definition of centripetal force: “Centripetal force is the force by which bodies are drawn
from all sides, are impelled, or in any way tend, toward some point as to a center” [Newton, 1999, 405]. Let us see
if we can make this definition more precise. We know from the previous section that we must phrase the definition in
terms of a body at rest, so it would be natural to try the following as a first draft: Given a region of space D, we say
that “a centripetal force acts in D” provided that for some fixed point S, every body initially at rest at any point P
in D moves toward S along the line SP . This proposed definition, however, is too general. Centripetal forces in the
Principia do act by moving bodies at rest toward a fixed point, but they are always presumed to act (using Newton’s
own terminology) “finitely” and “uninterruptedly” as well.
We should therefore determine what Newton means by a “finite force” and by a force which “acts uninterruptedly,”
before we return to the problem of defining centripetal force. Among the preliminary mathematical lemmas which fill
out Section I (Book I), we find Lemma X: “The spaces which a body describes when urged by a finite force . . . are
at the very beginning of the motion in the squared ratio of the times” [Newton, 1999, 437–438]. Since Newton never
provides a characterization of a “finite force” independent of this lemma, we have no choice but to regard Lemma X—
which tells us that the “spaces which a body describes” are “ultimately as” the time squared—as Newton’s definition
of a “finite force.”
Definition. Suppose a body at P initially at rest moves along a line from P to G in a time h in such a way that PG is
ultimately as h2, that is, in such a way that the ratio PG/h2 has a nonzero finite limit as h → 0. In this case we say
the body is moved by a finite force.
As an example of a body moved by a nonfinite force (an “infinite force,” if you will), consider a body at rest at P
that instantaneously begins to move along a line with a constant nonzero speed, reaching G in time h. In this case the
ratio PG/h equals this constant speed for all small h and PG/h2, instead of having a finite limit, will grow arbitrarily
large as h → 0. Newton would say the body is moved by an impulse.
Suppose now that all resting bodies in the region D are moved toward a fixed point S by a finite force. What
would it mean to say this force “acts uninterruptedly”? According to Definition 7 in the Principia [Newton, 1999,
407], we can measure the “accelerative quantity” of the force by calculating the “velocity . . . it generates in a given
time,” which we could represent by the limiting value of the ratio (PG/h)/h = PG/h2 as h → 0. This limit is finite,
because we have assumed the force is finite. It would then be natural to say this force “acts uninterruptedly” if this
accelerative quantity of the force varies “uninterruptedly,” that is, continuously, as P varies over the region D.
Definition. A finite force in a region D is said to act uninterruptedly or to be a continuous force provided for a given
body the limiting value of the ratio PG/h2 varies continuously as the point P varies over D.
We can now record a more careful and explicit version of Definition 5 in the Principia, Newton’s definition of a
centripetal force:
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of D move from P toward S along the line SP . If these bodies are all moved toward S by a finite force which acts
uninterruptedly in D, we say a centripetal force acts in D. The point S is called the center of force.
As we have tried to make Newton’s notion of a centripetal force acting in a region more precise, we cannot help
but notice similarities to the modern concept of a “central force field”: When in the Principia “the program is laid out
of trying to account for the phenomena of nature as the effect of forces of attraction and repulsion,” writes Howard
Stein, “what emerges is the view that the natural powers—that of the vis inertiae of matter excepted—may all take the
form of fields of force associated with the particles of matter; and, indeed, ‘central’ fields . . . ” [Stein, 2002, 287].
Definition. Assuming that a body initially at rest moves from P to G in the given time h, the strength or intensity
of a centripetal force which acts in a region D may be measured at P (and relative to a given time interval h) by the
accelerative quantity PG/h2 (generated in the time h) or, when M denotes the “quantity of matter,” by the centripetal
force M · PG/h2 (generated in the time h).
Note that the accelerative quantity and the centripetal force are computed with respect to a given time interval h.
The centripetal force M · PG/h2 is what Newton has in mind in Proposition VI when he claims that the “centripetal
force . . . will be as the sagitta directly and as the time twice inversely.”
4.4. Motion “in any orbit about an immobile center”
We can use the definition of a centripetal force acting in a region to help us find a Newtonian definition for the
motion supposed in the hypothesis of Proposition VI, that is, for the motion of a “body [that] revolves in any orbit
about an immobile center.” We first need to clarify the concept of a “motion,” and for this we jump ahead in the
Principia to Section VI (Book I), whose title reads: “To find motions in given orbits” [Newton, 1999, 510]. Here
Newton uses the word “motion” to mean the record of a trip: the body was here at this time, there at that time, and so
on. The route of this trip will be called its “trajectory” (or its “orbit” in certain cases). We shall use the word “motion”
just as Newton does:
Definition. A motion is a function t → r(t) from the times t to the corresponding points r(t) in space. The geometric
curve traced out by a motion is called its trajectory.
Speaking intuitively, if we think of a motion as the record of a “trip,” then the trajectory is the “route” of that trip.
To make clear the distinction between a motion and its trajectory, note that the different motions t → (cos t, sin t,0)
and t → (cos t2, sin t2,0) have the same trajectory, namely the unit circle in the xy-plane.
Now we can make the hypothesis of Proposition VI more precise:
Definition. Suppose a centripetal force with force center S acts in a region D. Then any motion whose trajectory lies
in D is called the motion of a body that revolves in orbit about the center S or, for short, a centripetal motion about S.
4.5. The sagitta
In our quest to clarify the meaning of Proposition VI, we have one final piece of that statement to take up: the
“sagitta of the arc.” Recall that Newton and his contemporaries use the word “sagitta” to refer to a line segment or
“arrow” drawn from some point P of the arc to some point X of the chord, where P is the “middle” of the arc or X is
the midpoint of the chord (or both). This rather loose characterization admits variations, depending on the particular
choice of P and X. Just which sagitta variation does Newton have in mind in Proposition VI? Here is what he says
about the sagitta in the statement of the proposition: “. . . if the sagitta of the arc is understood to be drawn so as to
bisect the chord and, when produced, to pass through the center of forces, the centripetal force in the middle of the arc
will be as . . . ” [Newton, 1999, 453–454]. According to this description, Newton’s choice for the sagitta PX would
appear to satisfy the following three properties (see Fig. 6):
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(a) X bisects the chord,
(b) the sagitta PX, when produced, passes through the center of force S, and
(c) P is the “middle” of the arc.
We remember that Cohen’s commentary on Proposition VI (in Section 3.2) takes this description of Newton’s
literally, which gets him into trouble, for whatever Newton may intend us to understand by the “middle of the arc,”
clearly the point P that satisfies (b) is not in general going to be the point P that satisfies (c). In other words, Newton
cannot literally mean that his sagitta should satisfy all three of these properties, at least not all three exactly. He can
require two to hold exactly, but not all three. How can we tell which two properties of the sagitta are supposed to hold
exactly and which property is expected to hold only approximately (but perhaps hold exactly only “in the limit”)? And
another question: What does Newton mean by the “middle” of the arc? Middle in the sense of arc length? Middle in
the sense of time? The latter is more likely, since the middle of the arc with respect to arc length would depend only on
the trajectory of the centripetal motion and not at all on the varying speeds of the body as it traversed that trajectory.
But how can we tell for sure what Newton intends?
Here’s a good rule of thumb: to clarify the intended meaning of an ambiguous mathematical statement, turn to the
proof of that statement. For concepts merely named in the statement end up being used in the proof, and in their use
lies their meaning. Perhaps then a look at Newton’s argument for Proposition VI will reveal the particular sagitta he
has in mind in the statement of this proposition. In his demonstration for Proposition VI, Newton cites Corollary 4 of
Proposition I, and this citation tells us the sagitta in Proposition VI must be the same as the sagitta in this corollary.
Yet Corollary 4 follows trivially from Corollary 3, and in Corollary 3 (and the closely related Corollary 2) the arcs
PQ and PQ′ (which are labeled with different letters in Newton’s statements of the corollaries) are “described by
the same body in equal times” and X bisects the chord QQ′. This tells us that Newton intends properties (a) and (c)
above to hold exactly, where the “middle” of the arc is the middle in the sense of time. Furthermore, in Corollary 2
Newton concludes that the sagitta PX, “in the position that it ultimately has when those arcs are decreased indefinitely
. . . will pass through the center of forces” S, which indicates that property (b) above does not hold exactly but only
approximately and exactly only in the limit. To add to the evidence that properties (a) and (c) define Newton’s sagitta,
we shall show later (in Section 5.2, in the midst of proving Proposition VI), that the sagitta PX as defined by (a) and
(c) is indeed “ultimately parallel” to SP (in the sense that the limit of −−→PX/h2 as h → 0 is parallel to SP ), so that
property (b) does in fact hold in the limit, just as Newton claims in Corollary 2.
It would be natural to object at this point. Why? Because we have just claimed that the sagitta which Newton has
in mind is not actually (for any given h > 0) parallel to the radius SP, but only “ultimately parallel” to that radius, and
although this claim is supported by Newton’s argument for Proposition VI, it would appear to contradict Newton’s
statement of Proposition VI, where the “sagitta of the arc is understood to be drawn so as to bisect the chord and,
when produced, to pass through the center of forces” [Newton, 1999, 454]. But this apparent conflict disappears once
we come to realize that the direction of the sagitta in the statement of Proposition VI must refer, not to the sagitta’s
actual direction after a given time interval h > 0, but rather to the sagitta’s “ultimate direction” as h tends toward zero,
and as we just noted, the “ultimate direction” of the sagitta defined by properties (a) and (c) above is parallel to SP
(once again, in the sense that the limit of −−→PX/h2 as h → 0 is parallel to SP ). Note that the sagitta −−→PX itself vanishes
in the limit, but it “vanishes with a limiting or ultimate direction,” namely the direction of limh→0(
−−→
PX/h2).
To sum up, we find that the sagitta in Proposition VI is understood by Newton in the following way:
Definition. Given any motion t → r(t), suppose P ≡ r(t0), Q ≡ r(t0 + h), and Q′ ≡ r(t0 − h), with X bisecting the
chord QQ′. Then we call the directed line segment −−→PX the sagitta of the arc QQ′.
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4.6. The precise Proposition VI
Now that we have given each piece of the Proposition VI statement a careful Newtonian definition, we can finally
gather the pieces together to make the statement of the proposition more precise. Recall the following Newtonian
definitions we have unearthed and polished up: A motion is a function t → r(t) between times t and points r(t) in
space. The motion of a body that revolves in any orbit about an immobile center S, or more briefly a centripetal
motion about S, is by definition a motion t → r(t) whose trajectory lies in a region D where a centripetal force acts
with center of force S. Starting from any point P in such a region, any body initially at rest will move in time h from
P to G, say, along the line SP , in such a way that the accelerative quantity PG/h2 has a finite nonzero limit which
varies continuously as P varies over the region D. The quantity M · PG/h2, where M is the “quantity of matter,”
is called the centripetal force at P . If P ≡ r(t0), Q ≡ r(t0 + h), Q′ ≡ r(t0 − h), and X bisects the chord QQ′, we
say PX is the sagitta of the arc QQ′. Note that the centripetal force and the sagitta, although their names do not
make this clear, are computed relative to a given time interval h and are therefore appropriately thought of as “being
generated in the given time h.” Finally, remember that we must first understand when a quantity may be regarded as a
“constant” in the context of Proposition VI before we can come to the correct interpretation of the expression “will be
as”: that the ratio tends toward a nonzero and finite constant, and this constant depends only on the given body itself
and not on the location, speed, or direction of the body. See Fig. 7.
Precise Proposition VI. If a “body revolves in any orbit about an immobile center,” then the “centripetal force . . .
will be as the sagitta directly and as the time twice inversely.” In other words, for any centripetal motion passing
through a given point P ,
M
PG
h2
will be as
PX
h2
as h → 0; that is, the ratio
M · PG/h2
PX/h2
tends toward a nonzero finite constant as h → 0, and this constant depends only on the given body and not on its
location, speed, or direction.
5. The demonstration of Proposition VI
5.1. Newton’s demonstration of Proposition VI
We have made the statement of Proposition VI more precise. It is time to turn our attention to its proof. The first
item on our agenda is this: do we find Newton’s own argument for this proposition persuasive? Here is his short
demonstration (with a couple of bracketed insertions by the translators, Cohen and Whitman):
For the sagitta in a given time is as the force (by prop. 1, corol. 4), and if the time is increased in any ratio, then—because
the arc is increased in the same ratio—the sagitta is increased in that same ratio squared (by lem. 11, corols. 2 and 3) and
therefore is as the force once and the time twice [i.e., as the force and the square of the time jointly]. Take away from both
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sides the squared ratio of the time, and the force will become as the sagitta directly and as the time twice [or as the square
of the time] inversely. [Newton, 1999, 454]
Of course the initial claim—that “the sagitta in a given time is as the force (by prop. 1, corol. 4)”—persuades only to
the extent that Newton’s argument for Corollary 4 of Proposition I persuades. So let us page back to the corollaries of
Proposition I. Now Corollary 4 tells us “the forces . . . are to one another as those sagittas of arcs described in equal
times . . . for those sagittas are halves of the diagonals which we dealt with in corol. 3” [Newton, 1999, 446]. It is
therefore clear that Corollary 4 follows in a trivial way from Corollary 3. So we need to examine Corollary 3—
Corollary 3. If chords AB , BC and DE, EF of arcs described in equal times in nonresisting spaces are completed into
parallelograms ABCV and DEFZ, then the forces at B and E are to each other in the ultimate ratio of the diagonals
BV and EZ when the arcs are decreased indefinitely.
—and its argument:
For the motions BC and EF of the body are (by corol. 1 of the laws) compounded of the motions Bc, BV and Ef, EZ;
but in the proof of this proposition BV and EZ, equal to Cc and Ff, were generated by the impulses of the centripetal
force at B and E, and thus are proportional to these impulses. [Newton, 1999, 445]
One would naturally expect the various chords, arcs, and motions cited in this corollary of Proposition I to refer to the
lovely figure that Newton draws to illustrate his argument for Proposition I, Fig. 8.
But things are not quite as they appear. Note that Corollary 3 and Corollary 4 tell us how to measure the “forces
by which any bodies in nonresisting spaces are . . . deflected into curved orbits” [Newton, 1999, 446, stress added].
As Newton puts it in his argument for Proposition I, this force acts, not by a series of spaced impulses, which would
result in a nonsmooth motion along a polygonal path, but rather “uninterruptedly,” which must result in a smooth
motion along a smooth trajectory. (In a smooth motion, both the speed and direction vary “uninterruptedly,” that is,
continuously.) So when Newton, in his argument for Corollary 3, refers to the polygonal “motions BC and EF of
the body,” citing Corollary 1 of the laws which deals with impulses only, we wonder: What polygonal motions? What
impulse? Perhaps he sees these polygonal motions as approximating the smooth centripetal motion of the body, but
even so the argument fails to persuade, because it provides no way to judge the size of the error between the given
smooth centripetal motion and the polygonal impulse approximation. A convincing argument for Corollary 3 (and
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(smooth) centripetal motion, not when a body moves along a polygonal impulse motion. (For more on the relationship
between “polygonal impulse motions” and the smooth centripetal motions which they approximate, and which they
can even generate provided we pass to the limit, read [Pourciau, 2004].)
Newton’s demonstration for Proposition VI therefore fails to persuade, because his demonstration cites Corollary 4,
which depends on Corollary 3, and the argument for Corollary 3 fails to persuade. By the way, observe that the deflec-
tion cC (which is parallel to the diagonal BV ) is parallel to SB in the figure and in the demonstration of Proposition I,
but the deflection cC is not parallel to SB in Corollary 3, since cC is parallel to BV and the diagonal BV is only
parallel to SB “in the limit,” that is, “in the position that it ultimately has when [the] arcs are decreased indefinitely,”
to quote from Corollary 2. It follows that the figure Newton draws to illustrate the argument for Proposition I does not
accurately illustrate Corollaries 2, 3, and 4!
That the figure for Proposition I does not illustrate Corollaries 2, 3, and 4 of Proposition I reflects another deeper
disconnection: these so-called corollaries are not in fact corollaries of Proposition I! By this we mean that these
statements, although labeled as corollaries of Proposition I, are not actually logical consequences of Proposition I. We
can see this from Newton’s arguments for these three claims, arguments which make no use of the conclusions—the
area and fixed plane properties—of Proposition I, and we can infer this as well from the modern proof which we give
below for these claims, a proof which does not even require the given motion to be centripetal and which therefore
does not require that we assume the hypothesis of Proposition I. What’s going on here? Why would Newton call
these claims corollaries of a given proposition when they are not logical consequences of that proposition? Well, in
Newton’s day the word “corollary” did have, as a secondary definition, the meaning we give it today, that is, a logical
consequence, but the primary definition of “corollary” in the late 17th century was merely “an addition beyond what
was proposed” [Moxon, 1679, 37]. It follows that Newton was correct in using the term “corollary” for these claims,
even though they are not logical consequences of Proposition I, since they certainly are “additions beyond what was
proposed.” As I said earlier, things in the neighborhood of Proposition I in the Principia are not quite as they appear.
To read more about Proposition I and its demonstration, see [Pourciau, 2003].
5.2. A modern demonstration of Proposition VI
Unconvinced as we are by Newton’s own argument for Proposition VI, we can take comfort that (the precise version
of) Proposition VI is in fact true, as we now show, using a more modern approach. We begin with a region in which a
centripetal force acts with force center S. According to the definition in Section 4.3, this means that any body placed
at any point P in this region immediately begins to move toward the fixed center S along the ray SP (reaching G,
say, in time h) in such a way that the limit of PG/h2 as h tends toward zero is finite and varies continuously with P .
At each place P , define the resting acceleration there as a0(P ) ≡ limh→0 2−−→PG/h2 and, if the body has mass m,
define the modern centripetal force f as the mass times the resting acceleration: f(P ) ≡ ma0(P ). As P varies over
the region, we would say that f defines a “central force field.” (In Section 4.3 we defined Newton’s centripetal force,
generated in the given time h, as M · −−→PG/h2. Provided we equate the modern mass m with Newton’s “quantity of
matter” M , the modern centripetal force f at P as given above is, apart from a factor of 2, the limit of the Newtonian
centripetal force generated in time h.) Now consider any motion t → r(t) whose trajectory lies in this region. Because
a centripetal force acts in the region, the motion t → r(t) is, by our definition in Section 4.3, a centripetal motion.
By a modern interpretation of Newton’s second law, for all t we have f(r(t)) = ma(t), where a(t) is the (modern
vector) acceleration of the motion at time t. (In vector analysis, given a motion r(t), we define the velocity v(t) to be
the vector derivative r′(t) and the acceleration a(t) to be the vector derivative r′′(t) = v′(t). In the present context
we might call the acceleration a(t) the moving acceleration.) Cancelling out the mass, this modern interpretation of
Newton’s second law tells us the resting acceleration always equals the moving acceleration: a0(t) = a(t).
Now let us focus on any fixed point P of the trajectory. Figure 9 shows the trajectory of our centripetal motion
t → r(t) with force center S and the sagitta −−→PX of an arc Q′PQ.
In this figure, P ≡ r(t0), Q′ ≡ r(t0 −h), Q ≡ r(t0 +h), and X bisects the chord Q′Q. To establish Proposition VI,
we must prove that M · −−→PG/h2, the centripetal force at P generated in the small time h, is ultimately as −−→PX/h2 as
h → 0, in the following sense: the limit of their ratio must tend toward a nonzero and finite constant which depends
only on the given body.
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From the equality a0(t0) = a(t0) between the resting and moving accelerations at P ≡ r(t0), we have
lim
h→0 2
−−→
PG
h2
= a(t0).
On the other hand, twice the sagitta −−→PX is clearly the vector sum −−→PQ + −−−→PQ′, and (freely using Taylor series) we
infer that
2−−→PX = −−→PQ + −−−→PQ′
= [r(t0 + h) − r(t0)]+ [r(t0 − h) − r(t0)]
=
[
hv(t0)+ 12h
2a(t0)+ · · ·
]
+
[
−hv(t0)+ 12h
2a(t0) − · · ·
]
= h2a(t0)+ · · · .
It follows that
2
−−→
PX
h2
= a(t0)+ · · · → a(t0)
as h → 0. (In passing, note that this tells us the sagitta −−→PX is indeed “ultimately parallel” to the direction of the force
at P , just as we claimed in Section 4.5 and just as Newton himself claims in Corollary 2 of Proposition I.)
If we now combine our findings, we see that
2
−−→
PG
h2
→ a(t0) ← 2
−−→
PX
h2
as h → 0. In particular, we conclude that Newton’s centripetal force M ·PG/h2 (generated in the given time h) “will
be as” PX/h2, because as h tends toward zero, their ratio tends toward a nonzero, finite quantity which depends only
on the body itself, namely the “quantity of matter” M . In other words, the “centripetal force . . . will be as the sagitta
directly and as the time twice inversely,” as Newton asserts in Proposition VI. This ends the modern proof of Precise
Proposition VI.
5.3. The superfluous sagitta I
Any deviation from uniform straight line motion, by Newton’s first law of motion, implies the existence of a force.
From the magnitude and direction of that deviation, we would expect to be able to infer the magnitude and direction of
that force. Proposition VI quantifies this inference, for it predicts the centripetal force from the sagitta, and the sagitta
is a natural measure of the deviation from uniform straight line motion. Given that Proposition VI would appear to
be a fundamental yet basically simple result, it may seem odd, first, that Newton’s own argument for Proposition VI
fails to be convincing and, second, that our modern proof had to rely on the sophistication of Taylor series. That the
demonstration of Proposition VI is not as simple as one might anticipate reflects poorly on the sagitta: the sagitta
is certainly a natural measure of the deviation from uniform straight line motion, yet the most natural measure—
because it emerges directly out of the first and second laws of motion (when the second law is given Newton’s own
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of the deflection from the tangent, rather than the sagitta of the arc, both the Newtonian and modern demonstrations
for this proposition would have been natural, transparent, and short. After the interlude below, we will state and then
prove such a “Platonic Proposition VI,” which measures the force via the tangential deflection. The modern argument
we gave for the original Proposition VI invoked a modern interpretation of Newton’s second law. It may be no surprise
then that our Newtonian argument for Platonic Proposition VI (given below in Section 7.2) will invoke Newton’s own
interpretation of his second law, to which we now turn.
6. Interlude: Newton’s interpretation of Newton’s second law
It is of course well known that the modern statement of Newton’s second law, generally written f = ma, bears little
apparent surface resemblance to the original statement of this law in the Principia:
Law II. A change in motion is proportional to the motive force impressed and takes place along the line in which that
force is impressed. [Newton, 1999, 416]
What does Newton mean by “a change in motion” or by “the motive force impressed”? Unfortunately, he does not tell
us with sufficient clarity, and this has naturally led to some disagreement and confusion concerning the exact inter-
pretation Newton had in mind for his second law. A number of commentaries on the second law interpret “a change
in motion” and “the motive force impressed” in ways that result in an impulse-only interpretation of the second law,
that is, in a second law which applies only when the force is the mathematical representation of an “instantaneous
impact” or “blow.” On the other hand, a very recent commentary on the second law [Pourciau, 2006], a particular
favorite of ours, argues that in Newton’s own interpretation the second law is an instance of “Galilean invariance” (for
the simplest possible case: a single body under the influence of a force) that applies and was intended to apply to both
impulsive and continuous forces.
What do we mean by “Galilean invariance”? Galileo’s own colorful description begs to be quoted [Galileo, 1953,
199–200]:
Shut yourself up with some friend in the largest room below decks of some large ship and there procure gnats, flies, and
such other small winged creatures. Also get a great tub full of water and within it put certain fishes; let also a certain
bottle be hung up, which drop by drop lets forth its water into another narrow-necked bottle placed underneath. Then,
the ship lying still, observe how those small winged animals fly with like velocity towards all parts of the room; how the
fishes swim indifferently towards all sides; and how the distilling drops all fall into the bottle placed underneath. And
casting anything towards your friend, you need not throw it with more force one way than another, provided the distances
be equal; and jumping broad, you will reach as far one way as another. Having observed all these particulars, though no
man doubts that, so long as the vessel stand still, they ought to take place in this manner, make the ship move with what
velocity you please, so long as the motion is uniform and not fluctuating this way and that. You shall not be able to discern
the least alteration in all the forenamed effects, nor can you gather by any of them whether the ship moves or stands still.
Distilling out the colorful details, Galileo is telling us that whatever measurements we make of moving objects in a
closed room, those measurements will never distinguish between a room in uniform straight line motion or a room at
rest. In Corollary 5 of the laws of motion, Newton himself, with his usual concision, puts it this way [Newton, 1999,
423]: “When bodies are enclosed in a given space, their motions in relation to one another are the same whether the
space is at rest of whether it is moving uniformly straight forward . . . .” For the case of a single body, this means that
the same force acting on the same body generates the same acceleration or, in more Newtonian language the same
deflection, whether that body is in uniform straight line motion or at rest when the force acts. In short, the deflection
produced by a given force on a body in motion equals (in direction and length) the deflection produced by that same
force on that same body at rest We claim that this manifestation of Galilean invariance, this equality of deflections,
between the “moving deflection” and the “resting deflection,” is in fact the content of Newton’s second law, as Newton
understood it.
The most persuasive argument for this claim—but read [Pourciau, 2006] to see much more evidence—derives from
Newton’s own testimony. In the early 1690s, as part of extensive planned revisions for a second edition of the 1687
Principia, Newton wrote out several rewordings of the second law and its explanatory text, apparently believing, quite
162 B. Pourciau / Historia Mathematica 34 (2007) 140–172Fig. 10.
rightly, that the law as stated in the first edition was not sufficiently clear. One such revision contains a restatement
and an explanation so detailed and specific that little doubt remains concerning Newton’s own understanding of his
second law. Altering only his labels A, a, B, b (and the orientation of his figure) to conform with the labels P, L, G, Q
(and the orientation) that we prefer, we record here, in his own words, Newton’s interpretation of his second law of
motion:
Newton’s interpretation of his second law. If the body P should, at its place P where a force is impressed upon it,
have a motion by which, when uniformly continued, it would describe the straight line PL, but by the impressed force
be deflected from this line into another one PQ and, when it ought to be located at the place L, be found at the place Q,
then, because the body, free of the impressed force, would have occupied the place L and is thrust out from this place by
that force and transfered therefrom to the place Q, the translation of the body from the place L to the place Q will, in the
meaning of this Law, be proportional to this force and directed to the same goal towards which this force is impressed.
[See Fig. 10.]
Whence, if the same body deprived of all motion and impressed by the same force with the same direction, could in the
same time be transported from the place P to the place G, the two straight lines PG and LQ will be parallel and equal.
For the same force, by acting with the same direction and in the same time on the same body whether at rest or carried
on with any motion whatever, will in the meaning of this Law achieve an identical translation towards the same goal; and
in the present case the translation is PG where the body is at rest before the force was impressed, and LQ where it was
there in a state of motion. [Newton, 1967–1981, VI, 540–543, stress added]
This explanation of the second law, where he gives the very “meaning of this law,” suggests that Newton had in
mind the following definitions for “the motive force impressed” and “a change in motion,” both of which appear in
the Principia’s statement of the law. In [Pourciau, 2006] we provide additional evidence that these definitions are in
fact Newton’s own intended meanings.
Definitions. Suppose, under the influence of some force, that a body initially at rest moves along a line from P to
G in a given time h. (This force may be impulsive or continuous.) We call the directed line segment −−→PG the resting
deflection (generated in the time h). If the body has “quantity of matter” M , we call M · −−→PG/h the motive force
(impressed or generated in the time h). Suppose this same body, but now in any motion before arriving at P , acted on
by this same force at P , moves along a line or curve from P to Q in the given time h. If this force had not acted, this
body would have been carried in uniform straight line motion from P to L, say, in the time h. We call the directed
line segment −−→LQ the moving deflection (generated in the time h) and M · −−→LQ/h the change in motion (generated in
the time h).
With these definitions, we can write down a second law that duplicates the wording of the Principia’s second law
and that captures precisely Newton’s own interpretation of this law as revealed in his 1690s revisions. In [Pourciau,
2006] we have called this the Compound Second Law, because it applies to both impulsive and continuous forces,
but also because the law decrees that a force acts on a moving body by compounding its effect on that same body at
rest with the effect of that force’s absence, that is, with the uniform straight line motion which would have occurred
in the absence of the force. This Compound Second Law records Newton’s own understanding of his second law of
motion.
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Compound Second Law. A change in motion equals the motive force (see Fig. 11):
M
−−→
LQ
h
= M
−−→
PG
h
.
Equivalently, a moving deflection equals the resting deflection:
−−→
LQ = −−→PG.
The Compund Second Law is exact—the same force (impulsive or continuous) on the same body for the same
time generates the same deflection, whether that body is initially in motion or at rest—yet Newton often applies the
Compound Second Law in situations where its hypothesis that the force is the same holds only approximately: In a
typical application, a body moves through a point P in a region where a given continuously varying centripetal force
acts, and Newton, calling on the Compound Second Law, measures the motive force M ·PG/h at P by observing the
change in motion M ·LQ/h at P . But since the force varies in the region, the force that acts along the curve PQ and
generates (in a given time h) the deflection −−→LQ on the moving body is only approximately the same as the force that
would act along the line PG and generate (in that same time h) the deflection −−→PG on that same body at rest, and as a
consequence the deflections −−→LQ and −−→PG are only approximately the same. Nevertheless, the continuity of the force
ensures that these deflections differ at most by a quantity that tends toward zero faster than h2, and from this it follows
that the deflections −−→LQ and −−→PG will be “equal in the limit”: limh→0(
−−→
LQ/h2) = limh→0(−−→PG/h2).
We can easily derive a “limiting form” of the Compound Second Law which appears rather modern, even though
the Compound Second Law as stated seems quite different from the contemporary f = ma form of the law. If we call−→
A0 ≡ limh→0 2−−→PG/h2, as we did earlier, the resting acceleration at P, −→A ≡ limh→0 2−−→LQ/h2 the moving acceleration
at P, and −→F ≡ M−→A0 the (instantaneous) centripetal force at P, then the Compound Second Law tells us that −→F = M−→A.
Newton uses both measures of force—the motive force, M · −−→PG/h, and the centripetal force (before the limit is
taken), M · 2−−→PG/h2—choosing the measure he prefers for each particular problem. This flexible approach to the
measurement of force has greatly distressed some commentators, but, really, what’s the fuss? He has two different
ways of measuring force, not two contradictory notions of force. The motive force, because it tends toward zero
with h, does not work as a stand-alone measure of a continuous force, unlike the centripetal force, but it works quite
well as a relative measure of (continuous or impulsive) force, where motive forces at different places are compared
by examining the ratio of these motive forces as h → 0. To read more about such issues, see [Pourciau, 2006].
But we digress. Back to the job at hand. Carrying with us Newton’s own interpretation of the second law, we now
ascend to Plato’s realm of forms.
7. Platonic Proposition VI
7.1. The superfluous sagitta II
We noted in Section 5.3 that the sagitta, though a natural measure of the deviation from uniform straight line motion
(and hence a natural measure of the force, by the second law), is surely not the most natural measure. Why would
Newton choose to measure the force with the sagitta, when his own interpretation of the second law tells him to use
the deflection from the tangent, that is, the moving deflection −−→LQ? This is a mystery.
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The most likely explanation is that Newton thought of the sagitta as essentially equivalent to the tangent deflection
for very small time intervals h—an entirely reasonable thought since the sagitta is in fact (one-half) a deflection
from the chord and the chord is of course nearly a tangent when h is sufficiently small. To see that the sagitta is
half a chordal deflection, consider Fig. 12 showing the trajectory of a motion t → r(t), where, as earlier, P ≡ r(t0),
Q ≡ r(t0 +h), Q′ ≡ r(t0 −h), X bisects the chord QQ′, and L′ is chosen so that P bisects the chord extension Q′L′.
Manifestly, by the addition of directed line segments, the sagitta −−→PX is one-half
−−−→
L′Q, which is the deflection from the
chord extension Q′L′.
So the sagitta, being half the deflection from the chord, can be thought of as approximately a deflection from the
tangent when the time interval h is sufficiently small. But even so, why use the sagitta when you could just as easily
use the real thing, the deflection from the tangent? Moreover, the raison d’être of Proposition VI is to make possible
a simple derivation of its fundamental first corollary. Yet this Corollary 1 measures the centripetal force, not with the
sagitta, but with a deflection from the tangent. So why interpose the sagitta, not unlike a double negative, between the
tangent deflection in the second law and the tangent deflection in the first corollary? Why not sack the superfluous
sagitta, cast Proposition VI in terms of the tangent deflection, and in this way produce a straight line argument from
the tangent deflection in the second law, through the tangent deflection in Proposition VI, to the tangent deflection in
Corollary 1? Why not indeed?
7.2. Platonic Proposition VI
Platonic Proposition VI. “If in a nonresisting space a body revolves in any orbit about an immobile center . . . the
centripetal force . . . will be as the” moving deflection “directly and as the time twice inversely.” In other words, given
a body with quantity of matter M in a centripetal motion, then at any point P , if −−→PG and −−→LQ are the resting and
moving deflections generated in the given time h,
M
PG
h2
will be as
LQ
h2
,
in the sense that their ratio will tend toward a nonzero and finite constant that depends only on the given body. (See
Fig. 13.)
Proof. Let t → r(t) be any arbitrary centripetal motion. Then by definition the trajectory of this motion lies in a
region where a centripetal force acts. This means that for some fixed point S, any body placed at any point P in this
Fig. 13.
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that the limit of PG/h2 as h tends toward zero is nonzero, finite, and varies continuously with P . Newton’s own
interpretation of his second law (recorded in Section 6) implies we have an approximate equality, −−→LQ ≈ −−→PG, between
the moving and resting deflections which holds exactly in the limit:
lim
h→0
−−→
LQ
h2
= lim
h→0
−−→
PG
h2
.
(In Fig. 13, showing the situation not in the limit but for some small h > 0, we have quite deliberately drawn −−→LQ
unequal to −−→PG. See our first remark following the Compound Second Law in Section 6.) It follows from this equality
in the limit that the limit of −−→LQ/h2 is also nonzero and finite. But whenever the numerator and denominator of a
ratio each have nonzero and finite limits, then the ratio has a nonzero and finite limit equal to the ratio of the limits.
Therefore
M · PG/h2
LQ/h2
→ M
as h → 0. In other words, the centripetal force M ·−−→PG/h2 will be ultimately as the moving deflection −−→LQ directly and
as the square of the time inversely, in the sense that the ratio tends toward a nonzero and finite constant that depends
only on the given body, namely the quantity of matter M . This ends the proof. 
The simplicity of the proof we have just given reflects the ideal form of Platonic Proposition VI.
8. The fundamental Corollary 1
And so ends not just the argument for Platonic Proposition VI, but our overall study of Proposition VI as well.
Nevertheless, we find ourselves unable to stop, not because some compulsion compels us onward, but because, finding
ourselves so near the raison d’etre for Proposition VI, namely its first corollary, it would seem both cheap and chary
to end our study without at least a comment on this fundamental result. Here is Corollary 1 of Proposition VI:
Corollary 1. If a body P , revolving about a center S, describes the curved line APQ, while the straight line ZPR touches
the curve at any point P ; and QR, parallel to distance SP , is drawn to the tangent from any other point Q of the curve,
and QT is drawn perpendicular to that distance SP ; then the centripetal force will be inversely as the solid SP 2·QT 2
QR
,
provided that the magnitude of that solid is always taken as that which it has ultimately when the points P and Q come
together. [Newton, 1999, 454]
Why is this corollary central to the development of orbital mechanics in the Principia? The answer is easy. From
this corollary, Newton derives a whole series of propositions, propositions which solve (particular instances of) the
so-called Direct Problem: to find the “force law” obeyed by a centripetal motion having a given shape and force center.
For example, the most important of these solutions to the Direct Problem is the famous Proposition XI: If a centripetal
motion traverses a conic and the force center is a focus, then the centripetal force varies inversely as the square of
the distance to that center. What gives Corollary 1 its power? Geometry. Unlike Proposition VI, Corollary 1 gives a
purely geometric measure of the centripetal force, invoking Proposition I—that every centripetal motion must lie in
a fixed plane and sweep out area at a constant rate—to replace the elapsed time in Proposition VI with (a triangular
approximation to) the area swept out.
To be more precise, Newton actually makes two replacements in Proposition VI to arrive at Corollary 1. In
(a slightly simplified version of) Newton’s own drawing used to illustrate this corollary, Fig. 14, we see the tra-
jectory of a centripetal motion about the force center S. The body describes the arc PQ in a brief time h, RQ is
parallel to the radius SP , and QT is perpendicular to SP . To get from Proposition VI to Corollary 1, Newton first
replaces the sagitta (which is nearly parallel to SP ) with RQ (which by his definition is exactly parallel to SP ). Then,
using Proposition I, he replaces the elapsed time h with (a constant multiple times) the area of the swept out “sector”
SPQ, or, actually, with the nearly equal area of the triangle SPQ. Since the area of this triangle is obviously half of
the product SP · QT , we then arrive at Corollary 1 as it appears above and in the Principia.
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8.1. The evolution of Newton’s argument for Corollary 1
Before we address the cogency of the brief argument that the Principia offers for Corollary 1, let us briefly examine
the evolution of the argument given for the assertion made in Corollary 1, beginning with Newton’s autograph draft
of “De motu.” For convenience, we repeat here—with an added Gf standing for the (now lost) putative fair copy of
(an initial state of that) draft that Edward Paget carried to London and Edmund Halley in November of 1684 [Newton,
1967–1981, VI, 30, Note 2]—some of the abbreviations introduced earlier, in Section 2, for manuscripts and printed
editions which preceded the 1726 Principia:
G Newton’s autograph draft of the tract “De motu corporum in gyrum” (autumn 1684), with two layers of later
corrections.
Gf Putative fair copy (now lost) of G in its initial state (November 1684).
F Tract “De motu sphaericorum Corporum in fluidis” (around December 1684).
LL Manuscript deposited by Newton in the Cambridge University Library corresponding (supposedly but disin-
genuously) to public lectures he gave as Lucasian Professor of Mathematics in the academic years beginning
October 1684 and October 1685. Called the “Lucasian Lectures.” Consists of parts of two manuscripts, LLα
and LLβ : Definitions, Laws of Motion, followed, under the title “De motu Corporum Liber primus,” by the
rest of the manuscript.
LLα First state of LL (winter/early spring 1684–1685). Called “De motu Corporum Liber primus.” Leaves 9
through 32 of LLα appear (renumbered) as leaves in LL.
LLβ Second state of LL (summer/winter 1685–1686). Twenty leaves of LLβ appear at the beginning of LL; fifty-
six leaves of LLβ appear at the end of LL.
M Printer’s manuscript of the 1687 Principia, in the hand of Humphrey Newton, with corrections inserted by
Isaac Newton and Edmund Halley (Royal Society).
E1 First (1687) edition of the Principia.
E2,E3 Second (1713) and third (1726) editions of the Principia.
While its title changes—Theorem 3 in G and F , Proposition V in LLα , Proposition VI in LLβ through E1, and
Corollary 1 of the new Proposition VI in E2 and E3—the assertion with these different titles changes little from G
to E3. The argument for this assertion also changes little, at least from G to E1, but it changes abruptly of course
with E2, because it then begins to call on the new Proposition VI.
Here is a translation of the argument that appears in G [Herivel, 1965, 279–280 and 260, but see also Newton,
1989, 4 and Newton, 1967–1981, VI, 40–43]:
For in the indefinitely small figure QRPT the little line QR varies for a given time with the centripetal force, and with19
the square of the time when the force is given, and therefore when neither is given varies conjointly as the centripetal force
and the square of the time, that is as the centripetal force directly and the area SQP proportional to the time (or the double
of this area SP · QT ) squared. Let each side of this proportionality be applied to the little line QR and the centripetal
force and SP
2·QT 2
QR
together make unity, that is the centripetal force is inversely as SP
2·QT 2
QR
. Q.E.D.
19 Lem. 2.
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the centripetal force”—that support does come, yet not until LLα—but to back up his contention that “QR varies . . .
with the square of the time when the force is given,” Newton later inserts into the right margin of G the citation
“Hyp. 4,” then even later strikes this out and writes “Lem. 2.” The manuscript G contains neither a Hypothe-
sis 4 nor a Lemma 2—although just the title “Hyp. 4” has been inserted sideways on the first page of G into its
upper left margin [Newton, 1989, 3]—but the now lost fair copy Gf must have contained the statement of Hy-
pothesis 4 (as confirmed by the two known transcripts of Gf , the one that was entered into the Royal Society’s
Register Book and one by Edmund Halley [Newton, 1967–1981, VI, 33, Note 12]) and F contains the statement
of Lemma 2 ([Herivel, 1965, 295 and 300] and [Newton, 1989, 13]), whose Latin is identical to that of Hypothe-
sis 4:
Hypothesis 4. (= Lemma 2) The space which a body, urged by any centripetal force, describes at the very beginning of
its motion is in the doubled ratio [that is, the square] of the time.
The argument above for Theorem 3 of G (= Proposition V in LLα = Proposition VI in LLβ through E1) remains vir-
tually unchanged through E1, apart from two revised citations: Beginning with LLα (and continuing through E3),
what had been Hypothesis 4 in Gf and Lemma 2 in F becomes Lemma X; so, not surprisingly, the argument
in LLα [Newton, 1967–1981, VI, 133] through E1 cites Lemma X rather than Hypothesis 4 or Lemma 2. But of
more interest is a new marginal citation, appearing for the first time in LLα , to back up Newton’s claim that “the
little line QR varies for a given time with the centripetal force.” Of course, even unseen we know what this cita-
tion must be: the segment QR is essentially (with an error that tends to zero faster than the square of the time h)
what we have called the moving deflection −−→LQ, and the claim that the moving deflection, given the time, varies as
the centripetal force, follows directly from Newton’s interpretation of his second law, as recorded in Section 6. No
surprise then that Newton’s new citation (new in LLα and remaining through E1) is to “Law II.” This citation of
the second law also helps us understand the subsequent citation to Lemma X (= Lemma 2 in F = Hypothesis 4
in G and Gf ), for it is (Newton’s interpretation of) Law II that allows us to treat the length QR (≈ −−→LQ = −−→PG)
as the (virtual) distance that the body has fallen toward the center in time h, and such distances are as h2 by
Lemma X.
We have been recording the evolution in Newton’s argument for the assertion of Corollary 1. But so far,
from G through E1, there has been darned little evolution. Indeed, the only significant change occurs with LLα ,
where the argument first cites the second law to support the claim that “the little line QR varies for a given
time with the centripetal force.” Starting with E2, however, what had been a theorem becomes a corollary of
a new proposition, and it would then be natural to expect the argument to become shorter, because it can
now call on the new Proposition VI to do some of the work. In order to study the change in the argument
from E1 to E2, it makes little sense to compare the argument for the assertion in E1 to the truncated ar-
gument for that assertion in E2. Rather we should compare the argument in E1 with the combined argument
for Proposition VI and Corollary 1 in E2: In the outlines below, we are given a body “revolving in any or-
bit about an immobile center” that moves in a small time h from P to Q. Let F and S stand respectively
for the centripetal force and the sagitta at P generated in the time h. (See Section 4.6 for the relevant defini-
tions.)
Argument in E1 (for the old Proposition VI).
1. QR is, given h, as F . (by Law II)
2. QR is, given F , as h2. (by Lemma X)
3. Thus QR is, given neither, as F · h2.
4. h is as SP · QT . (by Proposition I)
5. Hence F is as QR/(SP · QT )2.
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1. S is, given h, as F . (by Proposition I, Corollary 4)
2. S is, given F , as h2. (by Lemma XI, Corollaries 2 and 3)
3. Thus S is, given neither, as F · h2.
3.5 QR is S. [More accurately, QR ≈ S, with error safely ignored.]
4. h is as SP · QT . (by Proposition I)
5. Hence F is as QR/(SP · QT )2.
In this outline form, it is the similarity that strikes us: the new argument begins with the sagitta S rather than the
segment QR (which generates the step 3.5), but otherwise the steps are identical. Interestingly though, for steps 1
and 2 the justifications are different: for step 1 Newton cites Proposition I, Corollary 4 instead of Law II and for step 2
he cites Lemma XI, Corollaries 2 and 3 instead of Lemma X.
What is the likely rationale for altering these justifications? Recall that according to Newton’s own interpretation
of Law II, the moving deflection −−→LQ (which is essentially—that is, to within an error that may be safely ignored—the
segment QR) is as the centripetal force. Therefore in step 1 of the new argument in E2, Newton cannot cite Law II
without then having to connect the sagitta S to the segment QR, which of course he does not want to do until he
begins the proof of Corollary 1. And in step 2, he cannot cite Lemma X anymore, because it was only Law II in step 1
of the E1 argument which allowed QR to be treated, in step 2 of the E1 argument, as a (virtual) distance fallen toward
the center in the time h, which then allowed the Lemma X citation.
Needing therefore new support for steps 1 and 2 of the E2 argument, Newton inserts into E2, just for this purpose,
new results concerning the sagitta of an arc: Corollaries 3–5 of Proposition I and Corollaries 2 and 3 of Lemma X. He
then cites the new Corollary 4 of Proposition I for step 1 and the new Corollaries 2 and 3 for step 2.
But a final, natural question: Where, oh where, has the second law gone? After all, it is the second law that tells us
we can measure the centripetal force by the deviation from uniform straight line motion, and certainly the sagitta is
one measure of that deviation, so that the new Proposition VI, which relates the sagitta to the centripetal force, must
depend, ultimately, on the second law. Yet the E2 argument for Proposition VI never mentions Law II. The answer to
this question lies in the citation for step 1, Corollary 4 of Proposition I, which concerns sagittas that are “halves of the
diagonals which we dealt with in corol. 3” [Newton, 1999, 446] and which therefore sends us back to Corollary 3:
Corollary 3. If chords AB , BC and DE, EF of arcs described in equal times in nonresisting spaces are completed into
parallelograms ABCV and DEFZ, then the forces at B and E are to each other in the ultimate ratio of the diagonals
BV and EZ when the arcs are decreased indefinitely.
(The letters A, B , C, . . . refer to the lovely figure that Newton draws to illustrate his argument for Proposition I,
a figure that, without reinterpretation, does not perfectly illustrate the E2 insertions, Corollaries 2, 3, and 4. See
Section 5.1.) And if we look at the demonstration of this third corollary, we find what we knew had to be lurking
somewhere—the second law:
For the motions BC and EF of the body are (by corol. 1 of the laws) compounded of the motions Bc, BV and Ef , EZ;
but in the proof of this proposition BV and EZ, equal to Cc and Ff , were generated by the impulses of the centripetal
force at B and E, and thus are proportional to these impulses.
Well, what we actually find is “corol. 1 of the laws,” but Corollary 1 of the laws of motion is the parallelogram law for
impulses, which is indeed—see [Pourciau, 2006, 191–192] for a careful proof of this—a corollary of Law II, given
Newton’s own understanding of that law.
8.2. The cogency of Newton’s argument for Corollary 1
Here is the brief demonstration of Corollary 1 given in the 1713 and 1726 Principia:
For QR is equal to the sagitta of an arc that is twice the length of arc QP , with P being in the middle; and twice the
triangle SQP (or SP ·QT ) is proportional to the time in which that arc is described and therefore can stand for the time.
[Newton, 1999, 454]
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This argument is not as convincing or clear as it could be. For one thing, Newton’s claim that “QR is equal to the
sagitta of an arc that is twice the length of arc QP , with P being in the middle” cannot be correct, because, as we
argued in Section 4.5, the sagitta will not be parallel to the radius SP except ultimately, in the limit, whereas QR as
Newton defines it is parallel to SP , even before a limit is taken. Thus QR is not, at least not exactly, the sagitta. For
another thing, Newton asserts that “twice the triangle SQP (or SP ·QT ) is proportional to the time in which that arc
is described and therefore can stand for the time.” Yet, strictly speaking, it is the area of the swept out “sector” SPQ
that is proportional to the time (by Proposition I), not the area of the triangle SPQ, and these two areas are not equal,
for they differ by the area of the small “crescent” PQP . So Newton makes two replacements—QR for the sagitta and
the area of the triangle SPQ for the area of the “sector” SPQ—but these replacements are only approximations for
the quantities replaced. To be persuasive, the demonstration of Corollary 1 would have to take the errors introduced
by these two approximations into account, before concluding that the “centripetal force will be inversely as the solid
(SP 2 ·QT 2)/QR.” But Newton ignores these errors, apparently assuming or deducing—correctly, as it turns out, but
without giving a justification—that these errors are small enough to be safely ignored.
Commentators on Corollary 1 have generally followed Newton in treating these errors as if they did not exist or
as if it were somehow obvious that they could be safely ignored. Concerning the approximation of the “sector” by
the triangle, Cohen, for instance, says only this: “Under the conditions of the problem, the sector SP [Q] can be
considered a triangle” [Cohen, 1999, 321]. Concerning the approximation of the sagitta by the segment QR, he says
nothing at all.
In order to demonstrate, rather than merely assume, that the errors in these approximations do not invalidate the
conclusion of Corollary 1, we must gauge the size of these errors, determining how swiftly they tend toward zero
as the time interval h tends toward zero. Now Corollary 1 is supposed to be a corollary of Proposition VI (together
with Proposition I of course), but we have two somewhat different Proposition VIs: the Principia’s and the Platonic.
We choose to work off Platonic Proposition VI. To establish that Corollary 1 follows from Platonic Proposition VI,
we will need to study the errors introduced when the moving deflection −−→LQ (rather than the sagitta of the original
Proposition VI) is replaced by −−→RQ and when the time interval h is replaced by (a constant times) the area of the
triangle SPQ (see Fig. 15).
Following Newton and the definition we gave in Section 4.1, we call a quantity A (depending on h, say) evanescent
if A → 0 as h → 0. Given two evanescent quantities, A and B , we say that A vanishes with a higher order than B if
A/B → 0 as h → 0. For instance, if A = o(h2) and if B will be ultimately as h2, then A vanishes with a higher order
than B , because A/h2 tends toward zero and B/h2 tends toward some nonzero finite constant c, so that
A
B
= A/h
2
B/h2
→ 0
c
= 0.
The argument for Corollary 1 that we give below applies the following little lemma in two places.
Lemma. If the difference of two evanescent quantities vanishes with a higher order than the first evanescent quantity
(or the second), then the ratio of the evanescent quantities tends toward one.
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A
B
− 1 = A −B
B
.
For if A and B represent evanescent quantities where A − B vanishes with a higher order than B , say, so that
(A −B)/B tends toward zero, then clearly A/B must tend toward one. 
Proof of Corollary 1 from Platonic Proposition VI. Platonic Proposition VI guarantees that the centripetal force
will be ultimately as the moving deflection directly and the square of the time inversely. In other words, the ratio of
the centripetal force M · PG/h2 to LQ/h2 has a nonzero, finite limit as h → 0. In fact the proof of that proposition
reveals that
M · PG/h2
LQ/h2
→ M.
To prove Corollary 1, we must show that the centripetal force will also be as RQ/T2, where RQ is (exactly) parallel
to the radius SP and T is the area of the triangle SPQ.
Suppose for the moment that we could somehow demonstrate that each of the two replacements, LQ by RQ and
the area S of the “sector” SPQ by the area T of the triangle SPQ, introduces an error that is o(h2); that is, suppose
we could show that (1) RQ − LQ = o(h2) and (2) S − T = o(h2). Then, since LQ will be ultimately as h2 (see
below) and S = kh is ultimately as h (where k is the constant areal speed of the given centripetal motion, courtesy of
Proposition I), the lemma above would apply, giving
LQ
RQ
→ 1 and T
S
→ 1
as h → 0, and we would be able to conclude that
M · PG/h2
RQ/T2
= M · PG/h
2
LQ/h2
· LQ/h
2
RQ/T2
= M · PG/h
2
LQ/h2
· LQ
RQ
·
(
T
S
)2
· k2
→ M · 1 · 12 · k2 = Mk2 = 0
as h → 0. This would establish Corollary 1, that the centripetal force M · PG/h2 will be ultimately as RQ/T2.
So to finish the proof of Corollary 1, it remains only to demonstrate the error formulas (1) and (2) above. Because
the given motion is centripetal, we know two things: first, the moving deflection −−→LQ is ultimately parallel to the
radius SP , which implies the angle LQR and hence also (a) the ratio LR/LQ must tend toward zero; and second,
the centripetal force is finite, that is, the ratio PG/h2 tends toward a nonzero, finite limit, say a, which implies, by
Newton’s own interpretation of the second law, that (b) the ratio LQ/h2 has the same nonzero finite limit a. Since the
difference between two sides of a triangle cannot be greater than the third side, we know that |RQ−LQ| LR. But
by (a) and (b) we have
LR
h2
= LR
LQ
· LQ
h2
→ 0 · a = 0
as h → 0, so that LR, and thus also RQ − LQ, is o(h2). This proves (1). To establish (2), note first that the area S
of the “sector” and the area T of the triangle differ by the area of the “crescent” PQP , while this “crescent” itself is
contained in the triangle PLQ, whose area varies as the product LQ · PL. Yet LQ will be ultimately as h2, and PL
(which has length v(t0)h, where v(t0) denotes the speed of the centripetal motion at time t0) clearly tends to zero with
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LQ · PL
h2
= LQ
h2
· PL → a · 0 = 0.
It follows that the area of the “crescent” PQP , because it must be less than the area of the triangle PLQ, is also
o(h2). Since the area of the “crescent” equals S − T, as we already noted, this proves the error formula (2). And this
completes the demonstration of Corollary 1. 
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